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In presenting these Elements of Plane and 
Spherical Tbigonometby to the notice of the 
Public^ it has been the author's aim to embrace as 
much of the theory and practice as appeared to be 
consistent with the time usually devoted to this 
branch of analysis in a system of liberal education ; 
and to exhibit the subject agreeably to that system- 
atic reasonings and those generalizations^ which con- 
stitute the chief beauty and excellence of likithe- 
matical learning. 

The first section contains the usual principles and 
definitions. In defining the trigonometrical lines^ 
cosine^ cotangent> and cosecant *, they have been re- 



* When these tenns were first introduced, the Science 
of Trigonometry was confined to a single object, as may 
be seen by the words r^tyiwt^ and fitr^tat\ and there- 
fore it was seldom or never necessary to consider these 
terms as applied otherwise than to the solution of triangles, 
or to arcs and angles less than 180% in which little difficulty 
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IV PREFACTS. 

garded as independent of the complement^ princi- 
pally for the sake of uniformity^ and for the purpose 
of affording greater facility to the learner in ac- 
quiring a knowledge of their positions throughout 
the four quadrants. 

In the second section^ the principal theorems com- 
monly called the Arithmetic of Sines^ have been 
given. They have been arranged in such a manner^ 
that the student^ it is presumed^ will experience no 
difficulty in turning immediately to any formula he 
may want, when the work is used as a reference in 
the further continuance of his studies. 

The third section explains the nature of sub- 
sidiary angles> and illustrates their use in computing 
the numerical values of formulae not immediately 
adapted to logarithmic calculation. 

In the solution of plane and spherical triangles 



could arise respecting the sine, &c., of the complement. But 
in the Arithmetic of Sines, which now forms so prominent A 
feature in the modem acceptation of Trigonometry, it is not 
considered sufficient that trigonometrical formulae should be 
restricted to arcs of limited magnitude. For the purpose, 
therefore, of generalizing the demonstrations, as well as for 
the above reasons, it appeared more simple to define the co- 
sine, cotangent, and cosecant independently of the comple- 
ment. The usual definitions will then appear in the light of 
propositions, to which indeed they strictly belong. 
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contained in the fourth^ fifths and sixth sections^ 
formulae for every case have been given ; those have 
been pointed out which are generally the most con* 
venient ; and care has been exercised that the ac- 
companying examples should enable the student to 
descend with facility into practical operations. 

The seventh section includes such a view of the 
higher trigonometrical analysis as accorded with the 
limited nature of the work. 

The eighth contains one or two useful articles re- 
lating to the circle ; and the explanation of the me- 
thods of determining the roots of quadratic and 
cubic equations which are not easily obtained other- 
wise. 

The construction of trigonometrical tables occu- 
pies the ninth section^ and with this concludes the 
subject of Trigonometry. 

It is always more interesting to young persons 
studying the principles of any science^ to have 
early opportunities of exercise in the practical ap- 
plication^ so important for many obvious reasons* 
With this view, a variety of examples on the heights 
^nd distances of objects have been selected to ex- 
emplify Plane -Trigonometry : and immediately suc- 
ceeding the explanation of the Doctrine of the 
Sphere, a considerable number of Astronomical 
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Problems have been solved, the accompanying ex- 
amples to which afford, perhaps, the most obvious 
exercise ; — whilst the concluding three sections, on 
the Longitude, Dialling, and Geodetic operations, 
appeared to be in no respect foreign to a work pro- 
fessing to illustrate the use of Spherical Trigono- 
metry. 

Such being a short account of the principal sub- 
jects in the book, it may be proper, as connected 
with the general execution, to state the plan which 
was adopted by the author, previously to its being 
sent to the press. When the manuscript had been 
nearly finished, each section was neatly copied, and 
successively placed in the hands of seven or eight 
young students, but very slightly acquainted with 
Trigonometry, whose ages varied from thirteen to 
eighteen years, with a request to each that he would 
study the work. By this means, such passages and 
subjects were discovered, in the understanding of 
which, more than the average number experienced a 
difficulty. These were consequently examined, and 
generally either altered or further explained. 

It was intended in this manner to compile an ele- 
mentary work for young persons, which would in- 
"duce them to look more frequently within themselves 
for assistance in their mathematical studies than has 
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sometimes been the case> from knowing that it 
contains few difficulties which they will not be 
able to overcome. The study of such a work 
will evidently have a tendency to increase in the 
learner a confidence in himself, which will grow 
stronger as he advances, and incite him to continue 
his mathematical studies, that those principles and 
methods might be acquired, the influence and use of 
which extend so widely in the concerns of life. The 
great object of his early studios, a discipline of mind, 
will likewise be promoted ; the unfailing resource 
and guide in all his future pursuits. 

RICHARD ABBATT. 
London, 1841. 
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SECTION I. 



Tbxqonom KTRT is the science wliich comprehends 
all theorems respecting the properties of angles and 
circular arcs^ and the lines which it has been found 
conyenient te consider as belonging to them. 

DEFINITIONS.. 

(I.) The circumference of the circle is considered 
to be divided into 960 equal parts^ called degrees, 
each of these is subdivided into 60 equal parts^ 
called minuieSf each of these into 60^ called seconds ; 
the second is sometimes divided into 60 thirds, but 
it is more usual to divide it decimally. Degrees^ 
minutes^ and seconds^ are marked thus ^, \ ". The 
French^ however, when they established theur deel- 
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mal system of weights and measures^ divided the 
aoBdSl^^SSsbmto 400 equal parts, called grades, 
each grade into 100 equal parts^ called minutes, and 
each minute into 100, called seconds (a)*. 

In the following pages we shall generally consider 
the radius of the circle as the unit of linear mea- 
sure. The semicircumference will then 

=3. 141592653589793 1; 
one degree =0 . 01 7453292519943 ; 
me minuter . 000290888208666 ; 
one second =0 . 00000484813681 1 . 
The value of the semicircumference to radius 1 is 
generally denoted by tt; the value of the quadrant 

will therefore be ~, and that of the circumference 
2^. • 

(2.) Similar arcs of circles are proportional to 
their radii. 

Let C (fig. 1.) be the centre of the two similar 
arcs A By ah whose radii are R, r, respectively ; 
then, Euclid vi. 33, 

J J5 : 2 TT /? : : Z. C : 360° 
a 6 : 2 T r : : Z. C : 360o 



■'»  » 



* The small letters within parentheses refer to the notes. 
t Vide article (110.) 
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.'. A B : a b : : 2 V R ; 27r r : : R : r ; 

. AB ab 

hence, — =r-=: — . 
R r 



(3.) Since the angle is proportional to the arc on 

which it stands, we may take the arc as a relative 

value of the angle ; but, as it is convenient that the 

radius should be known and constant, the angle is 

genetally measured by the length of the intercepted 

arc described with the radius unity; hence, by art. (2.), 

arc 
anglezr . On this supposition, the right 

radius 
angle, or 90° = -, two right angles, or 180° =w. 



(4.) In the higher parts of the science we have 
frequently to consider arcs as not limited by the cir- 
cumference, nor even any number of circumferences, 
and these are still considered to be the measures of 
angles : in this view, the angle is always measured 
the same way round the circuit, and therefore it 
may exceed the limit of the angle contained by any 
two straight lines, or 180°. As the arc has no limit 
when conceived to be constantly repeated upon the 
circumference, so the angle may be of any magni- 

b2 
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tude whatever, when continually repeated through 
the circuit. 

We proceed now to define the trigonometrical 
lines belonging to the arc. 

(5.) The sine (sin) of an arc is the straight line 
drawn from the extremity of the arc, perpendicular 
to the diameter which passes through the origin. 

The cosine (cos) is the part of the diameter which 
passes through the origin intercepted between the 
centre and the sine. 

The tangent (tan) is the straight line touching 
the arc at the origin, and terminated by the diame- 
ter produced, which passes through the end of the arc. 

The cotangent (cot) is the straight line which 
touches the circle at the end of the first quadrant, 
and terminated by the diameter produced passing 
through the end of the arc. 

The secant (sec) is the straight line drawn from 
the centre through the end of the arc, and termi- 
nated by the tangent. 

The cosecant (cosec) is the straight line drawn 
from the centre through the end of the arc, and ter- 
minated by tlic cotangent. 

The versed sine (versin) is the intercepted part 
of the diameter, between the origin and the sine* 
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The chord (chd) is the straight line joining the 
two extremities of the arc. 

These definitions are general for all arcs> positive 
or negative^ whatever be their magnitude ; but at- 
tention must be paid to the signs with which they 
are afiected, according as the arc is terminated in 
the firsts second^ thirds or fourth quadrant. 

(6.) Def. If an arc^ or a line measured in one di^ 
rection^ be reckoned positive, it must be considered 
negative when similarly measured in the opposite 
direction. 

(7.) Let ABC D (fig. 2.) be a circle, and A C, 
BD two diameters perpendicular to each other; 
also suppose A P„ A P^ A P^ A P^ to be positive 
arcs, commencing at A, and terminating in the first, 
second, third and fourth quadrants : draw the tri- 
gonometrical lines to each arc according to their de- 
finitions in (5.) ; then, of the arc A P^, sin, cos, tan, 
cot, sec, cosec, are respectively, P, iWj, M„ A T„ 
B <i, Ti, ti; these lines, belonging to an arc 
less than the quadrant, it has been agreed to reckon 
positive. 

Of the arc A P^ sin, cos, tan, cot, sec, cosec, are 
P, M^OM^AT^B t^, T^ Ot^, respectively ; 
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of wliich the sine and oosecant are positiYe^ and the 
others n^ative. 

Of the arc A P^ the above-mentioned quantities 
are, respecdyelj^ P, M^ OM„ A T„ Bi„ O T,, 
O is, of which the tangent and cotangent are posi- 
tive, and the rest nc^tire *• 

Of the arc J P^ they are P, M„ 0M„ A 2^, 
5 /4, OT^ Ot^ respecdyely^ where the cosine and 
secant are positive^ and the others negative. 

The versed sine and chord are positive for all 
arcs. 

(8.) It appears from the figure that the sine al- 
ways continues parallel to itself. The tangent com- 
mences at the origin of the arc^ and the cotangent 
at the end of the first quadrant ; these have always 
the same position. The cosine, secant, and cosecant 
commence at the centre of the circle ; the position 
of the cosine is constantly the same, whilst the se- 
cant and cosecant vary in position through the cir- 
cuit. 

The following view will show the values of the 



* The secant and oosecant are negative because they are 
not measured from the centre iowardi the end of the arc, but 
fnytn it. 
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trigonometrical lines^ corresponding to arcs=0^ -, 

Q 

V, — and 2 w, respectively. 
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2 
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sin 
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— radius 
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radius 





— radius 





tadius 


tan 





infinite 





infinite 





cot 


infinite 





infinite 





infinite 


sec 


radius 


infinite 


— radius 


infinite 


radius 


cosec 


infinite 


radius 


infinite 


—radius 


infinite 



(9.) Since we have considered positive arcs as 
measured from Ay in the direction AB C D, nega- 
tive arcs must be measured from the same pointy in 
the direction ADCB (6). 

Let APy AF (fig. 3.) be two arcs equal in mag- 
nitude, the one positive, the other negative ; and sup- 
pose the trigonometrical lines to be drawn to each arc : 
then, evidently, P'M=P M, A T=A T, B t=B t, 
OT=,OTy bt'zuOL Hence, of a negative arc, 
the cosine and secant are the same as those of an 
equal positive arc : the sine, tangent, cotangent, and 
cosecant are equal in respect of magnitude, but af- 
fected with contrary signs. In the figure, A P was 



^ THE ELEMENTS OI^ 

taken less than a quadrant ; but it will easily be 
teen that the same is true^ independently of the mag- 
nitude of the arc. 

(10.) The whole of what has been assumed with 
respect to the signs to be prefixed to the ralues of 
the sines^ cosines^ &c.^ is purely arbitrary : its utility 
consists in lessening the number of formulae which 
would otherwise have to be used. A single formula 
obtained from the consideration of a particular arc, 
can^ by these means, be made general, as we shall 
see hereafter. » 

(11.) Def. The defect of an arc from a quadrant 
is called the complement of that arc ; and the defect 
from a semicircle, its supplement. 

(12.) Let A P (fig, 4.) be an arc, and A P* its 
complement, and suppose the trigonometrical lines 
to be drawn to each ; then, by a little consideration, 
it will appear that P M=0 M', M=F M, A T 
-B t\ B t=A T.OTzzO t\ Ot=0 T. Hence 
the sin, cos, tan, cot, sec, and cosec of an arc, are, 
respectively, equal to the cos, sin, cot, tan, cosec, and 
sec of its complement. 

(13.) Make the arc A P^ (fig. 3.)= the supple- 
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ment of A P, and^ in addition to the lines already 
drawn in the figure, let Pa M^ the sine of A P^ be 
drawn ; then, by comparing the triangles, it will be 
seen that the sine and cosecant of an arc are the 
same as those of the supplement ; whilst the cosine, 
tangent, cotangent, and secant are equal in magni- 
tude, but affected with opposite signs. 

SECTION 11. 
RELATIONS OF TRIGONOMETRICAL LINJIS. 

(14.) Suppose the arc A P, (fig. 2.) to be de- 
noted by A, and let the radius Azzr. By the 
similar triangles My P„ A T^, 

^ ^' OMT'' ^ ^'' — omT' 

01, 

J sin A . r j r* 

tan A zz -— , sec Azz 



cos A cos A 

(15.) By the similar triangles PiOM^, OBt^, 

P,M, ' PiM, ' 

or, 

. ^ cos -4 . r . r* 

cot -4z= , cosec Azi- 



sin ^ sin A 

Hence, tan A . cot Azzr^, 
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(16.) By Euclid i. 47, OP.^-P.M.'^^'O M,\ 

or, 

r*iz8in M+C08 M, sec Mnr *+tan *-4, 
cosec M nr * + cot *-4. 

(17.) Let A denote the arc P^P* (fig. 3.) of 
which the chord is P M P, and suppose the radius 
OM A to bisect both the arc and chord in A and 

M ; then PFzz2PM; hence chd A=2 sin :£. 

2 

(18.) Thetheorems in (14.), (15.), and (16.), might 
seem defective in point of generality, since the arc 
A, from the consideration of which they were de- 
rived is less than a quadrant ; but if we pay atten- 
tion to the conventional signs explained in (7*), we 
shall find that they hold good for arcs of any mag- 
nitude. For example, cos A Pj is negative, there- 

fi 
fore the sec i= — ought, by the formula, to be nega- 

cos 

tive, which from the figure it appears to be : again, 

sin A P3 is negative, the cos is also negative, hence 

the tan := L. , ought to be positive, as it is found 

cos 

to be. 
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We proceed to one of the most important theo« 
rems in Trigonometry. 

(19.) To find the sine and cosine of the sum and 
of the difference of two arcs. 

Suppose the radius Azzr (fig. 5.), the arc A B 
=:A, the arc B CzzB, Join OB, and draw C/ 
perpendicular to B, producing it to meet the cir- 
cumference in G ; draw G H, B K, I L, CM, per- 
pendicular^ and G P, I Q parallel^ to O A, the latter 
meeting I L, CM in P, (2. By the similar trian- 
gles 05X, OIL, 

Y J ^ BK , 01 ^ sin ^« cos ^ 
(Tb r ' 

^j^OK.OI co8^.cosJ5 

OB" r 

The triangles C I Q, B K, having their sides 
perpendicular each to each> are evidently similar^ 
therefore, 

OK. CI cos A sin -B 



CQi= 



IQ = 



OB "" r ' 

BK.CI sin A. sin B 



OB r 

Now IL+CQ=CM=:sin (A-\-B), OL-^IQ 
= OM=co8 (A + B), /i-/Por CQzzPLiz 
GH=sin (A^B), OL-i-PG or I Q=zO ff= 
cos (A-^B). 
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Henoe> 



«•« t A X x?\ sin ^ . cos jB-|-cos -4 . sin B 

sm \A'\-xy)zi. ! , 

r 

^^^f A X T>\ COS A . COS J5— sin ^ . sin J? 
cos [^A'\-ff) n y 

r 

• /A 7>v sin v4 . COS 5— cos ^ . sin £ 
sm {A-^B) =: 



r 

/A T>\ cos A . cos B -f sin ^ . sin 5 
cos (A^B) z= 1 

r 
In this demonstration we have supposed A and J3, 
and even A'\-B, less than a quadrant ; but the same 
construction and demonstration being applied to arcs 
of any magnitude, the above formulee will be found 
to be general. Thus, when A is supposed greater, 
and B less, than a quadrant, but such that A-\-B 
may be greater than a semicircle, we shall find 
BK.OI sin .4 . cos J5 



/L = 



ca- 



OB r ' 

K , C I — cos A . sin B 



OB r 

but, at the same time, we shall have— C Mr:/ L— 
C Q, hence as before, 

sin (A4-B\ sin A , cos J3^-cos ^ . sin ^ 

r 

We shall leave it to the student to construct the 
figure for this case, and to show that the other theo- 
rems have equal generality. 



« 



PLANE AND SPHERICAL TRIGONOMETRT. 13 

(20.) It considerably simplifies trigonometrical 
investigations^ and renders formulae more easy to be 
remembered^ to suppose the radius =1 ; adopting 
that hypothesis, the preceding formulae become^ 

sin (A-^-B) zz sin ^ • cos J5-|-cos ^ . sin i?, 
cos (A-\-B)^z cos A . cos JB— sin A . sin B, 
sin (A^B) zzsin A , cos J5— cos A . sin B, 
cos (A — B) zzcosA.cos J5+sin A . sin B. 

(21.) From these^ by addition and subtraction we 
have, 

sin (A+B) + sin (A—B) = 2 sin ^ . cos B, 

sin (A+B) - sin {A-'B) = 2 cos A. sin J5, 

cos (^ + J5) -I- cos (A^B) = 2 cos ^ . cos J5, 

T cos (J— J5) — cos (-4 + J5) =: 2 sin -4 . sin JB. 

(22.) These equations being independent of any 
particular values of A and B, we may suppose A-^B 

=a; a-b=e, or ^=£+£,j3=£z:£; 

then. 

Sin A + sm B'zz2 sm — ^ — . cos — - — , 

Sin i4 — sm ^=2 cos — ^ sin — - — , 
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COS ^'+008 B'=2 COS i£±^ . COS d^nK, 

2 2 

COS B^ COS ^'=2 sin £±K . sin ^"^ . 

2 2 

(23.) In the first two formulae in (20.), let B 
^A ; then, 

sin 2 ^=2 sin ij • cos ^ ; 
and, 

cos 2-4=008 *-4— sin Mnl— 2 sin *-4, 

or=2 cos *-4— 1. 
Hence, 

sin »^ = hz^lA ; and cos M = ' +'"'^ ^ -^ . 

From these we have — or (14.), 

cos *A ^ ^ 

tan *^=lz:??Lj4 ; Hence, cos 2 ^ = Izi^^PJi!. 
l+cos2^ li-tanM 

(24.) Since sin M+cos *J=1 and2sin ^ . cos -4 
nsin 2 ./^, 
we have, 

sin M-fcos ^A+2 sin, A . cos -4z=] +sin 2 ^, 
sin M 4-cos *J— -2 sin v4 . cos -4=] —sin 2 ^ ; 

hence, sin -4 -|-cos -4 z= V 1 + sin 2 -4, 

sin .4— cos Azz ^1— sin 2 A; 
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therefore. 



sin v4z=i (^/l+sin 2 y4 + Vl— 8in2 J), 
and, 

cos A'=:i (V'l-i-sin 2 -4— -v/1— sin 2 A). 

(25.) By (21.) we have, 

sin ^ . sin Bzz^ {cos (A — 5)— cos (-4+J5)}, 

let -4+ J5 be put for A, and A-^B for B, then 
sin (^+^) . sin (^-J5) = J (cos 2 J5-.cos 2 ^) 
= i (1-2 sin *5-l-|-2 sin M) (23.), 

z: sin *-<4-— sin ^B. 

Similarly, 
cos (^4-^) . cos (A—B) zz J (cos 2 J5+cos 2 ^) 
= i (1-2 sin *JB+2 cos M-l)=co8 *ii-sin *J5. 

(26.) From (21.), 
sin iA'\-B) = 2 sin ^ . cos B-sin (A^B), 
let AzznB, then, 

sin (w + 1 ) J5=:2 sin n J? . cos jB— sin («— 1) B ; 
making n successively =:0, 1, 2, 3, &c., we form the 
following table : 

sin B zz — sin— jB=sin B (9.); 
sin 2 B = 2 sin J3 . cos jB ; 
sin 3 £ = 2 sin 2 B . cos B— sin B 
= 3 sin J5— 4 sin ^B ; 
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sin 4 j5 = 2 sin 3 5 . cos J5— sin 2 B 
= (4 sin 5—8 sin ^B) cos B; 

sin 5 i? = 2 sin 4 J? . cos 5— sin 3 B 

= 5 sin B-20 sin '5-1-16 sin ^B ; 
&c. =: &c. 

(270 Again, 

cos (-4-f-jB)=:2 cos J . cos 5— cos (A^B), 
let Azzn B, then, 
cos (« + l) Bzz2 cos n B . cos 5— cos (»— 1) B ; 
making n successively =0, 1, 2, 3, &c., 

cos 5 z= cos ; 

cos2 5iz2cos*J5— 1; 

cos 3 5 == 2 cos 2 5 . cos 5— cos B 

zn 4 cos 'jB— 3 cos J5 ; 
cos 4 J? z= 2 cos 3 jB . cos 5— cos 2 B 

=:8cos*J5— Scos^jB + I^- 
cos 5 5 = 2 cos 4 5 . cos J5— cos 3 B 

= 16 cos 55— 20 cos '54-5 cos B; 
&c. rz &c. 



fcya \ sin (^-j-7?) _sin A . cos 5-|-eos ^ . sin 5 
sin (^ — 5) sin A . cos 5 — cos ^ . sin 5 

tan ^-f- tan 5 , ,. .,. ^^ ^ ij 

by dividing the numerator and de- 
tan ^— tan 5 ^ ® 
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nominator by cos A .cos B,^and observing that 

sin . 
— zitan. 

cos 

Also^ similarly dividing by sin A . sin B, and 

putting cot for — ;-, we have 

sin 

sin(^ + ^) -. cotB+cotA 
sin (A^B) cot Z^— cot -4 



xQQ \ cos (A-\-B)_^cos A . cos B — sin A . sin B 
cos {A—B) cos A kCos B -|- sin ^ • sin ^ 

cot -4— tan B cot B— tan A 

zz ; or,z; . 

cot -4 -ftan B cot ^-ftan A 



yo/\ \ sin ^ + 8in B _ 



o . A+B A^B 

2 sm — - — . cos 



sin ^— sin 2? o A-^B . A^B 

2 cos — I — . sm 

2 2 

* A+B 

tan — L — 



 l« II ^>M • 



- ^ A-B 

tan 
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(31.) 



„ A+B A-B 

2C08 — i-— .COS — — - 

cog-B+cQg^ _ 2 2_ 

cos B-cos A 2 sin 6±^ . sin^"^ 



cot 



2 2 

A+B . 



^ A-B 

tan — - — 



(32.) To find an expression for the tangent of the 
sum or difference of two arcs. 

tan (^+B)=!iE44±|) 
^ ' COS (A+B) 

_ sin A . cos B +co» A . sin B ^^ ^^^ dividing the 

COS A • cos B — sin ^ . sin 5 
nnmerator and denominator by cos A • cos B), 
_ tan A + tan J9 
""l— tan A . tan B 

Similarly^ 

/J t>\ tan -4— tan B 
tan {A-^B)zz 



1+tan A . tan B 



(33.) Since tan (^+B)=_^5ji+^^^ let 
^ ^ ^ 1— tan A . tan B^ 



BizA, ti-en tan 2 A:=. ^ 5-.. 

1— tan *A 
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(34.) Suppose A'{-B+ C=x, then A + J5=t— C, 
and tan (-/f-f jB)=tan (v — C), or 

1 — tan A . tan B 

hence we have the following remarkable equation, 
tan ^-f-tan ^+tan C=tan A • tan B . tan C. 

(35.) u, (.^B^Q = iTl'C,%'^^C 
(32.), 

tan J 4- tan J3+tan C— tan A . tan B . tan C 

1 — tan A • tan B — tan A . tan C— tan B . tan C 

If J+J5-|-C=gr, tan (ii+jB+C)=0; therefore 
tan A +tan J5+tan C — tan A . tan B . tan CirO, 
which is the equation in (34). 

(36.) We have hitherto considered the relations 
which exist generally between different arcs: as 
there are some which depend upon the numerical 
values of the trigonometrical lines belonging to cer- 
tain arcs^ we shall proceed to consider them. 

(37.) Since sin 45°=cos 45° ; sin MS*' + cos *45% 
or 2 sin *45':=1, therefore, sin 45°z: — zzcos 45*. 

g2 
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Also, tan 45° zz !!]?-!i°=l =cot 45'; 

cos 45° 

sec 45° = __= -v/2=cosec 45°. 

cos 45° 



(38.) Let the angle A O P=i60° (fig. 6.) ; then 
OAF-JfO P ^=:^— 60°=120°, and, being equal to 
one another, each =60° ; therefore the triangle OAP 
is equilateral, and the perpendicular PM bisects 
A in M: hence 

cos 60°=irzsin 30° ; also, sin 60°= ^/l— ^zz ^ 

=cos30°; tan 60°=:\/3=cot 30°; sec 60°=2 
zzcosec 30°. 

(39.) Since 36° or 2xl8°=:complement of 54 
or 3 X 18°, we have, 

sin2xl8°=cos3xl8°; 
or, by (26.), (27.), 

2 sin 18° . cos 18°z:4 cos n8°-3 cos 18° ; 
hence, dividing by cos 18°, 
2 sin 18^=:4 cos *l8''-3i=l -4 sin ^8^ 
Let sin 18°zia:, then 

2a:=:l— 4x*; 
the solution of this quadratic gives, 

X, or sin 18°= ""-^ t ^^ =cos72°. 

4 
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Also, COS 18°-v/l-.sinn8^Iz^/ ^^^^^^^ 

It) 



= i V' ^-5^ = sin 72%- and, 1-2 sin US^, or, 

(23.), cos 36° =z 1±;^= sin 54^ 

4 

(40.) 

sin (45** +-4)= sin 45° . cos -^-fcos 45° . sin A 
cos -4 -f sin A ,c%m x 

72 ^'^^•^' 

sin (45° — ^) z= sin 45° . cos ^ — cos 45° . sin A 

cos -4— sin -4 



V'2 

tan (4fio+>4)- tan 45° -f tan ^ _ l+tan^ . 

1 — tan 45° . tan A 1— tan A ' 

tan (45°-^)" tan 45°-tan J ^ 1-tan .^ 

1 +tan 45° . tan -4 1 H-tan A 

From the latter two equations we have, 

tan (45*+^)-tan (45°-^)=l±^^ -li:^!5Li? 
^ ^ ^ 1-tan^ l-ftan.4 

_ 4tan^ by (33.), 2 tan 2 A. 
1— tan *^ J ^ ^ 

Also, by the second equation in (21.), 

sin 60°-fJ-sin 60^-^=2 cos 60^ . sin Jzisin A. 
And, 
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sin S^ + A—sin 3e»— ^4=2 cos 36^ . sin A 

zz sin A ; 

2 

sin 72«4-^— sin 72«— ^4=2 cos72<> . sin -rf 

z: Z sm if. 

2 

Subtracting the lower from th^ upper and trans- 
posing, 

sin 36°-hi<+sin 7ii"— ^=:sin .^-fsin 36»— ^-f- 

sin 72"+^. 

Again, from the third equation in (21.), 

cos 36" + ^ + cos iJt)"— ^iz2 cos 36^^ . cos A 

= ^ cos if. 



cos 72«4-^ + cos 72**—^ = 2 cos 72° . cos A 



hence, subtracting and transposing. 



cos A; 



cos 3«°-f^-|-cos 36°— iizzcos ^H-cos 72+ A + 
cos 7i^^. 

(41.) These are the principal formulee in the 
arithmetic of sines. 

(42.) The trigonometrical lines which have oc- 
curred in the preceding theorems are called natural 
sines, tangents, &c.; and their numerical values (of 
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which we shall treat hereafter) have^ with the oor- 
Tesponding arcs^ been placed in tables. Owing to 
the almost universal practice of performing the cal- 
culations in which they occur by means of their lo- 
garithms> it has been found convenient to have these 
^Iso arranged in tables. The supposition^ however, 
of radius =1^ to which the natural sines> &c., are 
calculated^ rendering the sines and cosines of all 
arcs, and the tangents of arcs less than 45^, frac* 
tional, and their logarithms consequently negative, 
would be extremely inconvenient. It was advisable, 
therefore, to assume another value for the radius : in 
the adoption of which the facility of the addition, 
subtraction, &c., of its logarithm was kept in view ; 
it has hence been agreed to make the radius =10*^ 
or ten thousand millions, the logarithm of which is 
10, and consequently to increase the logarithms of 
the natural sines, &C; by 10 ; since the radius having 
been augmented ten thousand million times, the 
sines, tangents, &c., have, in consequence, been pro- 
portionally increased. This constitutes the loga- 
rithmic table of sines, tangents, 8zc. 

(43.) In employing this table in the computation 
of the values of trigonometrical formulae adapted to 
radius =1, the radius (10*°) of the table, must ge- 
nerally be introduced ; the condition being observed 
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at the time, that the terms of the equation are to be 
homogeneous^ or each of the same dimension. ThuA 
in the equation, 

sin A — sin B . sin D — cos B . cos Z) . cos E-^,0, 
in which the terms are respectiTely? of one, two 
and three dimensions, the radius disappears, having 
been assumed equal to unity in the course of the in- 
vestigation. In order, therefore, to pass from natu- 
ral sines to the tabular sines, we multiply the first 
term by r* (calling 10'°rzr), and the second by r ; 
the equation r^ . sin A — r . sin B . sin D — cos B . 
cos 1) . cos £=0, which results, is homogeneous, 
and adapted to the tabular radius. 

SECTION III. 
ON SUBSIDIARY ANGLES. 

(44.) Def. A subsidiary angle is an arbitrary 
angle employed to facilitate calculation. 

(45.) Trigonometrical formulae are finequently of 
such a nature, that the employment of logarithms 
to obtain their numerical values would be more la- 
borious than the simple calculation by natural sines, 
&c, and even impracticable. It was, in the compu- 
tation of such formulae, that subsidiary angles ori- 
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ginated. We are enabled, by availing ourselves of 
the calculations which have been made in forming 
trigonometrical tables, to transform such fitrmulae 
into others adapted for computation by logarithms ; 
and also to facilitate calculations totally unconnected 
with trigonometry. 

Their use will be best shewn by examples. 

Example I. Let it be required to calculate x 
from the equation J:*zi6*4-a* sin *fi. 

The latter part of the equation being put under 

the form 6* (1-| — -sin*0), assume-sin9=ztan^,then 

A* b 

we shall have, 

x'-V' (l+tan *(p)=6' sec *(? =-^ ; 

cos '<? 

b 



hence x =: 

cos ^ 

Now to find ^, we have the equation, 

tan (p=- sin d, or 
b 

log tan pnlog a+log sin 6— log b ; and, to deter- 
mine Xy we have, 

log jrzilog 6 + 10 — log cos ^. 



Example II. Let x:=i */a^ — 6* ; a and b being 
numbers consisting of several figures. 

The equation being put under the form 
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A* 7 

xznaV 1 — -,, let -—cos fi ; then xriay'l— cos *d 

=:a sin 6. 

Hence^ log x^log a+log sin 9— 10; the subsi- 
diary angl« being previously determined from the 
€quation, 

cos 8 =1^^ or 
a 

log cos Ozilog 6 + 10— log a. 

Example III. The following expression^ x-=. 
«i cos + 6 sin 0> is not adapted to logarithmic compu- 
tation. 

Let it be transformed into x-zih (>■ cos 0+ sin 6) : 

h 

suppose -zztan ^ ; then^ 



x-izh (tan ^ . cos + sin 0) zi hi l2. +sinO] 

^ cos ^ / 

^ / • ^ A . ^ "AN 6 sin (^ + 6) 
z= (sm ^ . cos 9 +COS ^ . sm 0) = ^^ —  — L 

1C0S ^ QOS ^ 

Hence^ (f being found from the equation^ 
log tan ^zzlog a + 10— log hy we shall have^ 
log arzzlog 6+ log sin (^ + 6)— log cos ^. 
Other instances of the use of subsidiary angles 

will occur in the solutions of plane and spherical 

triangles. 
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SECTION IV. 

PLANE TRIGONOMETRY. 

(46.) A plane triangle consists of six parts, viz : — 
three sides and three angles : if any three of these 
parts except the three angles be given, the other 
three become known by the application of principles, 
which constitute Plane Trigonometry. 

(47.) Let ABC (fig. 7-) be a triangle, right 
angled at C ; and let the sides opposite to the angles 
A, By C, be denoted by the small letters a, b, c, re- 
spectively. From the point ^ as a centre, with ra- 
dius=l, describe the circle G H, and draw G X per- 
pendicular to A C 

By the similar triangles A G K, A B C, 
AG: GK:: ABiBC, 
or, 1 : sin A : : c : a, 
therefore, azzc sin A. 
And AG: A Ki: AB: AC; 
or, 1 : cos A : : c : b, 
therefore, bz=.c cos A, 

Dividing the former equation by the latter, we 

have, 

a sin A . j 
-=: =:tan A, 

b cos A 
These three equations, with the elementary ones 
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A + Bzz,-i and (P'-^lc^ + 6% are sufficient to solve 
2 

every case of right angled plane triangles. We shall 

present them in one view, and apply them to a few 

examples. 

azzLc sin ^ .... (1 ) -zztan A (3) 

b 

i=CC08^....(2) ^ + ^=5 W 

Example I. Suppose the base of a right angled 
triangle to be 540 yards, and the adjacent acute 
angle b^^ 40' ; required the hypothenuse, the per- 
pendicular, and the other acute angle. 

Here A and h are given, to find a. By and e. 

By equation (2.), c zz , 

cos A 

.'. log czzlog 6-f 10— log cos A, 

log 540 = 2 • 7323938 

10 



12 • 7323938 
log cos 56' 40 1= 9-7399748 



logc z= 2-9924190 

Referring to the table of logarithms, czi982.6955 
yards. 

Also from equ. (3.), azzh tan A, 
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.'. log azzlog . ft 4- log . tan A — 10. 

log 540 = 2-7323938 

log tan 56^ 40' = 10 • 1819653 

12 • 9143591 
10 

logfl = 2-9143591 

By reference to the table^ a=:821 • 03 yards. 
Again^ from equ. (4.), 

B zz^-^=i90'>-56'> 40'=33» 20*. 

Example II. Given the hypothenu3e=58 . 45, 
and the ba8ezz31 . 5> to find the angles and the per- 
pendicular. 

Here c=58 . 45^ and 6=31 . 5. 

By equ. (2.), cos ^zz-, 

c 

.•. log cosiizrlog 6 + 10— log c, 

log 31. 5 zz 1-4983106 

10 

11 • 4983106 
log 58. 45 iz 1-7667845 

log cos y4 = 9-7315261 

referring to the logarithmic table of sines, we find 

^=57° 23' 23". 
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«• 



Hence, B=Z^Azz32' 36' 37'. 
2 

Also^ a=c sin A, 

.'. log azzlog c+log sin ^—10. 

log 58. 45 = 1-7667845 

log sin 57° 23' 23 ' = 9 • 9254955 

11-6922800 
10 



log a = I • 6922800 

.•.a=49.2364. 

The side a however, may be found independently 
of the angle A, by equ. (5), c*=a*-|-6*, or, a^zzc^ — 
b^ ; and, as the numbers b and c consist of several 
figures, the calculation may be thus facilitated : 
since c*— 6*zi(c+6) . (c— -6), we have 
a=\/(c-i-A) . (c— 6) ; taking the logarithms, 
logfl=:J{log (cH-6)+log (c— 6)}. 

log (c+b) or 89 . 95 z= 1 • 9540012 
log (c-6) or 26 . 95 = 1 • 4305588 

2) 3-3845600 

log a or 49 . 2364... = 1 - 6922800, as before. 

Example III. Given fl=759 • 4 and 6=33 . 29 
to find c. -A 
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The equation c^zzic^-j-h^ directly determines c, 
but as the operation is somewhat laborious it may be 
facilitated in the following manner. 

Since c^zzaH^^^a' Oh--Y 

Let -=tan 9, then c^^a^ ^j ^^^n ^)=a^ sec ^ 
a 

a" 



cos ^& 



hence^ c= 



cos d 

now, log tan O=log 6 4-10— log a, from which, by 
computation, we find fi— 2* 3(K Si5^\ and thence, cos 
=9 . 9995833. 

Then log ci=log a 4- 10— cos 0: from this 

c=760.129. 

(48.) The sides of a plane triangle are propor- 
tional to the sines of the opposite angles. 

Let ^ £ C be a plane triangle (fig, 8.), and B D 
the perpendicular from B upon the side AC; then 

by (470. 

B D—A B.sinA, also B D—B C . sin C; for if 
the angle A C B is obtuse, sin B C Dzzsin A C B 
(13). Hence, generally, in the triangle ABC, 

A B , sin AzzB C . sin C, or 

-^ -B : 5 C : : sin C : sin -4. 
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(49.) To find the cosine of an angle when the 
three sides are given. 

When the triangle ACBih acute angled^ 
A B'luA C^+B C»-2 AC. CD, (Euc. n. 13) ; 
and> when it is obtuse> C being the obtuse angle> 
AB'=AC^+BC'-\-2AC . CD. (ij. 12.) 
In the first case^ C DmB C. cos C; 
in the second^ C DzzB C . co& B CD 

=-5C.co8^C5(13.); 

hence^ generally, 

A F'zzA C2+BC2-.2 A C. BC. cob C. 

^i.^f ^ ^ n AC^'i-BC^'-AB^ , , 

therefore, cos Ciz ^ ' ^ — -— ; or, adopt- 

2 AC . a C 
ing the notation in (47.), 

cos O z: .. 

2ba 

This form is not adapted to logarithmic compu- 
tation. 

(60.) Resuming the equation, cos C=z —It ^^ 

we have, 1 H-cos C, or (23.), 

2cos!^=l+^±^^=^^±^)!=^ 
2 2ah 2ab 

_, (g+6-f c) . (g+6-^c) 
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Let a-f i+c=:2 S, then fl + 6-ciz2 (-S— c), 
hence, 2 eos-^^2 5 2 (^-Q ^^^ 

cos —=: — ^^ 1. 

2 ab - 

(51.) Also, l-.cosC,or2sm*-=l--i!!±^!z::?* 

2 2aA 

2 ab 2 ab < 

_ 2 (^-6) . 2 (^-fl) , 
2fl6 

hence, sin^£=^±I^hl^Z:^. 
2 ab 

(5^.) Dividing this equation by the preceding 
lone, we have, 

. »C ^ 

!!4,ortan*^=(£z:^hi^=^. 
^^C 2 S.iS-^c) 

2 

(53.) Multiply the product of the same equations 
by 4, then, 

4 8in*|'.cd8*^,or(a3.)> 

sin^ r^ ^S.(S^a).(S^b).(S^c) • 

a*b^ 
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All these forms are convenient for calculation by 
logarithms. 

(54.) Given the two sides (a, b), and the included 
angle (C), to find the other angles and the third 
side. 

From (47)^ a : b : : sin A : sin B; 
hence^ 

fl + J : fl— 6 : : sin -4+ sin B : sin ^— sin B^ 

therefore^ 

, A + B 

. . _ tan — I — 

SH^^sin ii-sin 5"* ; ZI5 (^)- 

tan 

2 

Now, .4+J5+C=:7r,ori±:?=z!!:-£; and 

2 3 2 

^ A-^B ^C 
tan — i — =: cot - ; 

2 2 



hence^ 



cot .- 
«+6 _ 2 



tan 



therefore. 



fan ^-^ «~^ * C 

tan — ^^ — cot ^. 

2 a+6 2 



— Q — ^^*^ — 9 — ^cing known, their sum gives the 
value of A, and their difference that of B* 
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The third side (c), may be determined by (48). 

(55.) It is, however, frequently desirable to ob* 
tain the third side without the previous process of 
finding the angles ; and this may be accomplished 
by the following method. 
By (49.), 

c*=a*-f6*-.2a6co8C 
- a*-f.6*H-2 a 6-2 a 6-2 a 6 co^ C 
= (a-h6)*-2 ab{l +COS C) 

:=i(a+b)*^4ab cos*—. 

Similarly, 

c«=(a-6)» + 2a6-2fl6cos C ' 
= (a— 6)*4-2 a b (1— cos C) 

= (a-6)»+4 a 6 sin* ^. 

c 

Multiply the first equation by sin' - , the second 

Q 

by cos* _ , and add the results, we shall then have, 

cV8m*£+co8»^Vor(16.), 
c'=(a-6)* C08*£+(fl + 6)* sin*^ 

d2 
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Let d be a subsidiary angle such that 

tan 9zz — i— tan — -, 
a-6 2 

then^ the expression within the vinculum = sec *d: 

-. : hence by substitution we have, 

cos *9 

(a- 6)* cos* ^ 
^ — — .or 



C08*fl 



(a— 6) cos — 
cos 



(56.) Since we have not assumed any particular 
relation to exist among the sides or angles, the pre- 
ceding equations, by a slight attention to their form^ 
will easily be adapted to any required part. 

Thus in (51.) we have, sin^^zz^^T^lli?!:^ ; 

2 ab 

hence, by analogy, we shall have, 

sin'i - (^Z^M^zi) ^ 
2 cb ' 

(57*) The principles investigated in the foregoing 
articles, with the elementary equation A'i-B-\-Czzir, 
are sufficient for the solutkin of all plane triangles. 
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-ivhen any three parts are known. The case, how- 
ever, must be excepted when the three angles onlj 
are given ; for then the ratio of the sides only be- 
comes known (48). 

(58.) There are cases to be considered, called the 
Ambiguous cases, in which the results Will' be doubt- 
ful, or apparently doubtful, since the angles A and 
^—A have equal sines. In right angled triangles^ 

the angles must be less than », and therefore there 

is no ambiguity. There is likewise no ambiguity in 
(50.), (51.), (52.), for — is less than -. If the an- 

gle is found from sin C, in (53.), it will be obtuse 
or acute, according as c^ is greater or less than 
a^-f-i*. In the case of two sides (a, c), and an angle 
(i4) opposite one of the sides being given — if a be 
greater than c, the angle A is greater than C, there- 
fore C must be less than ^, and there is no ambi- 
guity. But if a be less than c, the angle A is less 



than -, and the angle C may be either greater or less 
than ^ ; the triangles ACB, ACB (fig. 9.) will 
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then equally satisfy the solution ; hence^ in this case, 
and this alone^ there is a real ambiguity. 

(59.) We shall now proceed to the application of 
the preceding formulas. 

Example I. The three sides^ a, b, a, of a plane 
triangle are respectively, 735, 942, 1297; required 
the three angles. 

The application of the formulas in (52.) will, in 
this case, be the most convenient, as the same num- 
bers are used in the three calculations. 

To find A. 

Here, tan ^=./(^-^)/(^-^\ 
2 5.(5-0) 



.-. log tan :2z= ^ {log S^b -\- log S—c + 20 
<0 



-(log5+log5-a)}. 

735 =« 1487 1487 1487 

942=6 735 942 1297 

1297ZZC 

1 752zi5'-a 545=5-6 190 = 5- c 

2)2974 
1487=5 
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Ic^ 545... 2 • 7363965 Ic^ 1487... 3 • 1723110 
log 190... 2 • 2787536 log 752... 2 • 8762178 



20 



25 • 0151501 
6 • 0485288 

2)18 • 9666213 



6 • 0485288 



li^ tail r^ . .9 • 4833106, 



2 



hence ^ = 16'» 55' 31 
2 2 



A = 330 51' 2" 



To find B. 



B 



log tan — =^ {log aS"— a-f-log .9—C+20— 




(log5+log6'-6)}; 

from this we obtain J5=S&« 33' 14'. 

The angle C may now be found from the equation 
Czzv~-{A + B); but as no evidence can be drawn 
from this conclusion that the previous calculation is 
correct, it will be most satisfactory to deduce the va- 
lue of C independently of that equation. 
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To find C. 



log tan ^ = J {log 6'— fl + log iS— 6-f 20— 



(log^'+lc^A-c)}. 

This gives C=100^ 35' 44". 

These values of A, B, C, satisfying the equation 
A-\-S-^Czzv, may be considered correct. 

When the angle A had been determined^ B and C 
might have been found by (48.) ; but, as this pre-^ 
supposes the correctness of A, and as other loga- 
rithms would have to be sought in the table, the 
preceding method will generally be found to be more 
expeditious. 

Observation: — The equations in (50.), (51.), 
(52.), (53.), may be rendered more expeditious in 
calculation by taking the arithmetical complements * 
of the logarithms to be subtracted, which, by a -little 

* Def. The arithmetical complement (oo. ar.) of a number 
18 its defect from 10, or from 20, if greater than 10. It is 
used as an artifice to perform subtraction by addition. Thus 
to subtract 5*47 from 9'6d, we add the co. ar. of 5*47) which 
is 4*53 to 9*65, the sum 14*18, diminished by 10, whidi was 
introduced in taking the co. ar. gives 4*18, the difference re- 
quired. The CO. ar. is generally taken by subtracting the 
first figure on the right fi:t)m 10, and the rest from 9. 
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pl^ctice^ may be set down with nearly the same fsL- 
cility as the logarithms : we may thus practically 
dispense with introducing the tabular radius. Ap- 
plying the formula in (51)^ which is the one com- 
monly used when only one angle is required, dnce 
the numbers composing it generally lie near each 
other in the table^ we have, to find C in the pre- 
ceding example, 

sm _ 1= \/ i 1 — 1^ !• 

2 ab 

log 735 CO ar... 7-1337127 

log 942 CO ar... 7 * 0259491 

1(^752 2-8762178 

log 545. 2-7363965 

2)19 • 7722761 

log sin 9. 9 • 8861380 

^ 2 

.-. ^ = 50^ 17 52" 
2 2 

C = lOOo 35' 44", as before. 



. Example II. Given the two sides of a triangle 
3=375 and 81 4, and the included angle=:74" 47', to 
find the other angles and the third side. 
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Supposing a=:814, 6=375, we have a +6=1 189, 
tf-6=439 ; also ^ = 37" 23' 30'. 

T» /"i \ . A — J5 a — h . C 
By (o4.)^ tan = , cot — . 

log 439 2-6424645 

log cot 37« 23' 30" 10 • 1167206 
log 1189 CO ar 6-9248181 

1(^ tan"^""^ 9 - 6840032 

* 2 

Hence, dz:?=25" 47', also il±£=52» 36' 30", 
2 2 

therefore Azz7S9 23' 30", and 5=26« 49" 30". 

To find the side c we have the proportion 
sin B : sin C : : b : c 
log sin 26« 49' 30" co ar - 3455665 

log sin 74« 47' 9 • 9845004 

log 375 2 - 5740313 

log c 2 - 9040982 

Hence c=801 - 86. 

The side c may be found independently of A or B, 
by (55.) ; and, owing to the nature of the quantities 
concerned, with greater facility : for this purpose 
we have the equations 
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tan 9 = — ! — tan — , 
a-6 2 

(a-6) cos - 

cosO 

1(^1189 3-0751819 

log tan 37*> 23' 3a'^ . . 9 • 8832794 
iog439 2-6424645 

logtanO 10-3159968 

.•.0=640 12^59"- 6. 

log cos 9, CO ar 0-3615398 

log 439 2-6424645 

log COS 37<» 23' 30" .... 9 • 9000955 

log c... 2 • 9040998 

. -.0=801 -86. 

The slight difference observed in the values of 
1<^ c is owing to the imperfection of the tables. 



Example III. Suppose the two angles A and B 
to be 30^^ and 42° 14^ and the contained side c 
27| ; required the other parts. 

By the equation ^-|-J5+C = w, we have C 
=107° 46', and by (48.) the sides a and h are found 
to be 14 • 4386 and 19 • 4099 respectively. 
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Example IV. Given the angle Azz^S'^ 27^ the 
side azzll5 ' OS, and the side cz^^B, to find the 
rest. 

By (48.) sin C= , the value of C must 

a 

be taken less than ~ (vid. art. 58.) The angle B 

will now be found from the equation A'{-B-{-C=.7r, 
and the side b from (48). Performing the calcu- 
lations^ we find^ 

C=15«1'54^ B=:Ur3V&\ 6=179-948. 

If^ in this example, c had been greater than 
a, the angle C might have been taken either greater 

or less than - (58). But when the case is applied 

to the solution of a problem^ the nature of the in- 
quiry will remove all ambiguity. 



(60.) In the determination of the heights and 
distances of objects, horizontal angles are observed 
by the theodolite ; and vertical angles either by the 
theodolite furnished with a vertical arch, or by a 
quadrant having a plummet suspended from the 
centre, and furnished >vith open or telescopic sights. 

Lines upon the ground may be measured by a 
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Gunter's chain^ or a common measuring tape : but 
a better method consists in measuring upon a 
stretched rope in the direction of the line^ by means 
of a seasoned deal rod twenty feet long. At ike 
end of each rod, a pin may be stuck in the rope 
during the replacement of the rod. When the rope 
has to be drawn forward^ the position of the end^of 
the last rod must be accurately noted, and the mea- 
surement may be carried on as before. 

To take the angle of elevation or depression of an 
object, B or B^ {fig. 10.) by. means of a common 
quadrant, the eye at E or A respectively, must be 
directed through the sights, to the object ; the plumb- 
line will then mark along the arch graduated from 
D to JB, the angle D A P^ which is evidently the 
measure of the angle of elevation B A R,or of de- 
pression H AB. 

(61 .) When the necessary lines and angles have 
been measured, others must be calculated from 
these, so as to lead to the end in view ; but as this 
depends upon the parti<;;ular problem under consi^^ 
deration, no general rules can be given. The stu- 
dent will therefore have to depend upon his own ret* 
sources. 

Example I. Standing upon a horizontal plain; 
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at the distance of 7^ yards from a steeple^ I ob- 
served the angle of elevation of the top to be 
42° 35'; what was the height^ the centre of the 
quadrant being 5 * *J5 feet from the ground ? 

Let A be the centre of the instrument (fig. II.), 
and yl C the horizontal line =75 yards; then^ by 
fsqu. 3, art. 47, 

B C=A C . t&n A. 

log 75 1-8750613 

log tan 42° 35' 9 • 9633204 

log 68 • 9258 1 • 8383817 

Hence BC = 68' 9258 
AD- I. 9166 

Height 70 • 8424 yards. 



Example II. * Being desirous to know the dis* 
tance of a remarkable object^ I measured a line of 
300 yards^ and observed at each extremity the angles 
which the object made with this line to be 74° 48' 
and 65° 19' ; what was my distance from it ? 

Suppose A C (fig. 12.) to be the measured line 
=r300 yards, B the distant object^ also A and C the 
observed angle8=74** 48' and 65** 19' respectively ; 
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then ii AB be the required distance^ we shall ob* 
tain it by the following proportion. 

^TL B \ mi C : : A C : A B^ 

log 300 2-4771213 

log sin m^ 19' 9 • 9583869 

log sin 39« 53' 9 • 8070114 

log A B 2 • 6284968 

Hence ^ J5=425 • 1065 yards 

Example III. To find the distance between two 
inaccessible objects^ B and C (fig. 13.)^ we must 
measure a base as A D, and observe the angles at 
each extremity which both objects make with this 
line. Suppose we have found A D=:743 * 55 yards^ 
B A D=113o 44', C A D=48o, A D C=104o 13', 
and jBD^=37^8'; we shall then get the angles 
ABD=:2d^ 8' and A CBzz^^ 47'. Hence we 
shall have A B and ^ C by these proportions, 

^\nABD:%mADB:i AD; AB 
sin A CD X sin AD CiiADiAC 

performing the computations, A Bzzd2l * 980 and 
A C=:1546 • 30. Now, in the triangle ABC, the 
two sides AB, A C are known, with the included 
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«ngle BA C-B AB-^D A C*-^^ 44', to find 
BC. 

B, (54.), U. ^= |3f cot ^ 

= ^ll^ cot 320 52'. 
2468*28 

log 624 • 32 2 • 7954072 

log cot 32«> 52, 10 • 1896975 

12 • 9851047 
log 2468 • 28 3 • 3923944 

logtanl^Z:^...: 9-5927103 

Hence, ^""^ = 21o 22' 46" 

But ... £+^ = 57« 8' 

2 ___^ 

Therefore B = 78° 30' 46" 
and C = 35« 45' 14" 



* We hare supposed the four points Ay B, C, D, to lie in 
the same plane ; when this condition does not hold, the angle 
B AC will no longer be the difference between DAB and 
D AC I in this case it will be necessary to have the value df 
that angle by direct measurement ; in ether respects the pro* 
cess will be the same. 
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Now to find B C we hiive, 

miACBimiBAC:: AB: BC. 

log 921 • 98 2 • 9647217 

log ^"^ 44' 9 • 9598246 

12 • 9245463 
1(^ sin 350 45' 14" 9 • 7666394 

logJ5C 3-1679069 

Hence the required distance B Cz=1438 * 5 yards. 

Example IV. Three points A, B, C (fig. 14.) in 
the map of ii country being given^ it is required to 
determine the position of a fourth point S, and the 
three distances AS, B S, C S ; the angle AS B, 
B S C being known^ and the four points lying in 
the same plane. 

Describe a circle about the triangle ACS, which 
will intersect B S in D ; join A D, D C. Since 
angles in the same segment of a circle are equal, 
D A C=:D SCsndAC DzzA S D. Hence in the 
triangle ADC, the angles A and C are known and 
the side A C, therefore A D may be found. In the 
triangle ABC the three sides are known, hence the 
angle B AC may be determined, and thence BAD, 
Now^ in the triangle ABD, the two sides AB,AD 
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are given with the included angle^ to find the angle 
A B D: then the angles AS B, AB S, and the side 
A B being known^ the distances AS, B S may be 
found. Lastly^ in the triangle A C S sMi the angles 
and the side A C are given^ to find C S. 

The problem may be solved geometrically by . 
describing upon A B & segment of a circle contain- 
ing an angle equal to A S B, and upon B C a, seg- 
ment containing one equal to B S C. The inter- 
section of the arcs will determine the position of the 
point S, 

(62.) To find the area of a triangle which has 
the three sides given. 

Of the triangle ABC (fig. 8.), 



AC' BD 
area z= 

2 
_ ^ C • ^ ^ • sin ^ 



, or by (53.) 



zz ^ S . {S^a) . (6—6) . (6'-c). 
Hence, 

log area =: log } i^ C-f log A J^ + log sin ^—10. 



or = I (log iSflpg iS— tf-f log /S— 6-f log S— c). 
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(63.) To find the radius of the circle inscribed in 
a given triangle. 

* Let AB Che the triangle (fig. 15.) ; bisect the 
angles B AC, AC Bhj the straight lines AG, CO; 
the point of intersection 0, will be the centre of 
the inscribed circle (Euc iv. 4). Draw OR, OP, 
O Q, perpendicular to the sides of the triangle ; join 
O B, and suppose r to denote the required radius : 
then^ 

Area of A J3 C=:?-£ . OPzz ^ .r, 

AOC=d£. OQziz-.r, 
2 2 

AOBzz—.OR = -,r; 
2 2 

By addition^ we have^ 

area of A A B Czz ^'^^'^^ r-S r, 

2 



or, v'^ . (S-a) : (S-b) . {iS-c)=S r. 



(64.) To find the radius of the circumscribctd 
circle. 

Suppose ABC (fig. 16.) to be the triangle ; bi- 

e2 
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sect the sides AC, B C in L, M ; and draw the 
lines L 0, M 0, perpendicular to them : will be 
the centre of the circumscribed circle. (Euc. iii. 25.) 
Join AO, BO, CO, and let each be denoted 
by -R; then^ 

c M. A T> r* A B . A C sin B A C /r»c% v 
area of aAB C zz^ . (o2.> 

. BOC 
sin 

he 2 



2 H 

. . . BOC^chdBOC a , 
but, sin -— ^ =-; hence, 

area of A A B Czz 



therefwe R zz 



4R' 
abc 



4 area ^ ABC 

abc 



Henoe^ also 22 . r =: 



abc abc 



4S 2(a+6+c> 

(65.) To find the area of the quadrilateral figure 
that can be inscribed in a circle. 

Let the sides^^ B, B C, C D, A D (fig. I?.) he 
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denoted by a, h, c, d : also let the angle A B CzzB, 
.'.AD Czz9r~fi (Euc. III. 22.) Join A C. 
The area of the quadrilateral AB€D 

= ^ sin 0+ ^ sin (,r-.e) (62.) 

ab + cd . f. 

= — ~ sm 9. 

Now, by (49.), a* + 6* — 2 oi cos 9 = AC^ 
=<^+<i*— 2 cdco6(flr— e)=c*+rf*+2(?Jcos0; 

hence we have, cos = g -\-b — c — rf* ^ 

2(a6H-crf) ' 

but, sin* fi=l— cos* Ozz(l+cos fi) . (1— cos 0) 

^/ 2 g6-f 2 c<;?-(a«+6")H-c*-Kr- v 
\ 2(fl6+crf) 7 

/ 2g6+2cJ+fl*+&*-(cV^) \ 
\ 2(fld + crf) / 

_ (g+<0*--(g^6)* (a+by^(c^dy 
2(fl6+crf) ' 2(a5+crf) 

^(&+o-h<^~a) ' (fl+g-frf— ft) » (g-hft-f-cg— c) . (fl-h^+g— <Q . 

4(a6+crf)« ~ ' 

«uppose a+b-^-c+dzz^ S' ; and we then have, 

.;„»fl- 4 (y~«) . (S'^b) . (S'^c) . (y-cQ 

(fl6 + C(/)* 
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hence^ sin 6 



therefore^ by substitution in the foregoing expres* 
sion for the area we obtain^ 

area ^ J? CD 

The value of the diagonal A C expressed in terms 
of the four sides may readily be obtained. 
We have, A C*=fl*-f 6*— 2 a 5 cos 

a b+cd 

ab-\-cd 

,'. AC— i/ (^^+^0 '{ac^-bd) 

ab-^cd 

a^^') To find the area of a regular polygon. 

Let A and B (fig. 18.) be two contiguous angles 
of the polygon, and let them be bisected by the 
straight lines AO, B ; then the polygon will evi- 
dently be composed of n triangles, each equal to 
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A B ; also let A B:=.a, and draw O P perpen- 
dicular to A B. 

The area of the triangle A BzzA P .OP 

=if .? tan 0-4 Pzi- cot ^ OP = -* cot -: 
2 2 4 4 n 



hence> 



area of the polygon zz — - cot -. 

4 n 



or. 



log areazzlog »— log 4 -f 2 log a + log cot -—10. 

n 



Example. Let a—\, «=7, then-=25o42'5r'-f, 

n 

hence, log area of heptagon 

zilog 1 • 75 H- log cot 2jo 42' 5r'|-lO. 

log 1-75 0-2430380 

log cot 25*> 42' 5r4 10 • 3173364 

log area 0-5603744 

,-. Area = 3 • 633912. 

(67.) We shall conclude this section with the fol- 
lowing examples for exercise in plane trigonometry. 
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1. At the distance of 170 feet from the bottom 
of a tower^ the angle of elevation of the top wa& 
observed with a quadrant to be 52? SCX. What was 
the height of the tower ? 

Answer^ 221 • 55 feet. 

2. Required the perpendicular height of a hill> 
the angle of elevation taken at the bottom of it be- 
ing 46^^ and 200 yards further off^ on a level with 
the bottom^ the angle was 31^. 

Answer, 286 * 28 yards^ 

3. In any right angled triangle AB C, C being 
the right angle. 



- = sec B, -. zz sec A. 

a b 



4. What was the perpendicular height of a bal- 
loon, when the angles of elevation, taken by two ob- 
servers at the same time on opposite sides of it, and 
in the same vertical plane, were ^^ 55' and 71° H* ; 
the observers being separated 470 yards ? 

Answer, 596 * 655 yards. 

5. The two sides of a plane triangle are 718 * 48 
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and 519 ' 77 feet, and the included angle is 24'* 37^ 
required the area. 

Area=77778 • 2 square feet. 

6. Prove that tan* ^— sin^ A = tan^^ . sin*^. 

7. Given tan^ ^~lf > to determine or. 

arz=49o 47' 5(y\ 

8. The three sides of a plane triangle are 386, 
518 and 179 yards, required the area, and the radius 
of the circumscribing circle. 

Area=26782^ square yards; radiuszz334* 085 
yards. 

9. From a ship at sea I olwerved a headland to 
bear e. by s., and after sailing n.e. 12 miles, it bore 
s.E. by £. Required the distance of the last place 
of observation from the headland. 

Answer, 26 miles. 

10. From a window near the bottom of a house 
Ivhich seemed to be on a level with the bottom of a 
steeple, I took the angle of elevation of the top of 
the steeple and found it to be 40^ ; then, from 
another window 18 feet directly above the former. 
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the angle was 37^ 30' ; what was the height and 
distance of the steeple ? 

Answer, Height r= 210 • 44 feet. Distance 
=250 • 79 feet. 

1 1 . Wanting to know the breadth of a river, I 
measured a base of 500 yards, along the edge of the 
water, and observed the angles at each end of this 
line which a tree upon the opposite bank subtended 
with it ; these were 53° and 79° 12' : what was the 
breadth of the river opposite to the tree ? 

Answer, 529 • 48 yards. 

12. From two remarkable headlands, I measured 
to a point inland, 735 yards and 840 yards ; the 
angle at this point subiended by them was observed 
with a theodolite to be 55^ 40^; what was the distance 
between the headlands ? 

Answer, 741 • 2 yards. 

13. Being desirous to know the distance between 
two objects, yjf and 5, 1 measured a line, CD, upon 
level ground =300 yards, and observed the angle 
B C D=58o 20', A CB=:37% A D C-53o30', and 
ilDJ5=45° 15'. Required the distance A B, 

. Answer, A 5=479 • 79 yards. 
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14. The height of the Peak of Teneriffe is 2J 
miles ; suppose the angle taken at the top of it^ as 
formed by a plumb-line and a line conceived to 
touch the earth in the horizon^ or furthest visible 
point to be 88^ 2\ It is required from these mea- 
sures to determine the diameter of the earth. 

Answer^ 7^16 miles. 

15. From the top of Flamborough-head light* 
house^ the angle of depression of a ship at anchor 
was 3^ 38'^ and at the bottom of the lighthouse^ 
the angle was 2^ 43' ; required the horizontal dis* 
tance of the vessel^ and the height of the pro- 
montory above the level of the sea ; the lighthouse 
being 85 feet high. 

Answer^ distance =: 529ft* 4 feet. Height = 
251 • 31 feet. 

16. Required the arc^ the tangent of which added 
to the cotangent may be equal to four times the ra- 
dius. 

Answer, 75°. 

17. Wanting, to know the angle A C B formed 
by the two walls A C and B C, 1 measured A Czz 
73 • 6 yards, B CzzS4 yards, and A J?=i74 • 1 yards. 

Answer, A C B=z55^ 40'. 
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18. Three places^ A, B, €, situated on a level, 
are distant from each other as follows: A B 
=2 • 6625 miles, ^ C=5 • 3 miles, and B C=3 • 275 
miles. From a signal /S the horizontal angles AS B 
Aud BSC are observed to be 13o 30* and 29« 50' ; 
required the distances of the three places from the 
signal, — B being nearest to it and appearing be- 
tween the others A and €. 

Answer, AS = 7'57U miles, BS:=5' 37103, 
and C 5=6 • 55294 miles. 



SECTION V. 

SPHERICAL GEOMETRY. 

(68.) Def. A sphere is a solid bounded on all 
sides by a curve surfeice, every point of which is 
equally distant from a point within, called the 
centre. 

A sphere may be conceived to be generated by a 
semicircle's revolving about its diameter, which re- 
mains fixed. 

(69.) A straight line from the centre to any point 
of the surface is called a radius ; if extended both 
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ways from the centre and terminated by the surfiEice> 
a diameter. 



(70.) The section formed by a plane cutting the 
sphere^ is a circle. 

This is evident when the plane passes through 
the centre ; since every line drawn from the centre 
in this plane to the boundary of the section is equal 
to the radius of the sphere. The section thus made 
is called a great circle. 

When the section does not pass through the 
centre^ as ^ ^ (fig. 19.) ; from the centre 0, draw 
O C perpendicular to the plane A B, meeting it in 
C ; take any two points Dy E in the boundary of 
the section^ and join OD, OE, CD, C E, Since 
O C is perpendicular to the plane A B, it is also 
perpendicular to the straight lines C D, C E drawn 
in this plane ; therefore OC D, C E are right 

angles; hence CDz=:^OD'^^OC\ and C£= 

x^OE'—OC*; but OD—OE, being radii of the 
sphere^ therefore C D-ziC E, and hence the section 
is a circle. This is called a small circle, 

(710 Two great circles bisect one another^ for 
their common intersection is the diameter of the 
sphere bisecting both circles. 
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(72.) The j)o/e of a great or small circle is a point 
on the surface of the sphere equally distant from the 
circumference. 

Let G H be a great circle, K, L, any two points 
in the circumference ; draw P O S through the 
centre perpendicular to the plane of the circle, and 
intersecting the sphere in P, S : also join K, Z>, 
and imagine P K, PL, to be joined by straight 
lines. The triangles OP K, OP L, are manifestly 
equal in all respects ; hence P KznP L, therefore P 
is the pole of the circle G H. 

In the same way it may be she^vn that the point 
P is the pole of the small circle A B, which is pa- 
rallel to G H, 

Every circle upon the sphere has two poles, for 
the same demonstration will evidently apply to the 
point S : the word pole, however, in the case of the 
small circle, is usually restricted to the nearer point P. 

(73.) A great circle may be drawn through any 
two points on the surfstce of the sphere, but not ge- 
nerally through more than two : for the plane of the 
circle passes likewise through the centre of the 
sphere, and a plane may pass through any three 
points, but not generally through more than three. 

(74.) Suppose a great circle PKS, to pass 



PLANE AND SPHERICAL TRIGONOMETRY. 63 

through the poles^ P, S, of the great circle KL ; 
then, since K OP is di right angle, P jRl is a qua- 
drant ; hence the pole of a great circle is situated 
upon the surface of the sphere at the distance of a 
quadrant from every point of the circumference. 

(75.) A spherical angle is formed on the surface of 
the sphere by the intersection of two great circles ; 
it is measured by the inclination of the planes of 
those circles : when the planes are perpendicular to 
each other, the angle is a spherical right angle. 

Hence the arc K L, which measures the angle 
K L, the inclination of the planes of the circles 
P KS, P L S, will be the measure of the spherical 
angle P. 

(76.) A spherical triangle is a portion of the sur- 
face of the sphere formed by the three ares of great 
circles. 

When one of the angles of the triangle is a right 
angle, it is called a right angled spherical triangle ; 
when one of the sides is a quadrant, it is called 
quadrantal ; otherwise, it is denominated an oblique 
spherical triangle, 

(77.) Two sides of a spherical triangle are greater 
than the third. 
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Let AC B (fig, 20.) be a spherical triangle^ the 
centre of the sphere ; join A O, B 0, CO. The 
solid angle at is formed by the three plane angles 
AO B, AO C, BOC, any two of which are greater 
than the third (Euc. xi. 20.) : hence any two of the 
sides A By A C, BC, which are the measures of 
these angles^ are greater than the third. 

(78.) The three sides of a spherical triangle are 
together less than the circumference of a great 
circle. For the three plane angles A B, A C, 
B OC, are less than 2t (Euc. xi. 21.) ; hence the 
three arcs A B, AC, B C, are less than the cir- 
cumference of a great circle. 

(79.) • The surfece, PKSLP {^g. 19.), included 
between the semi-circumferences P K S, P L S, is 
proportional to the angle K PL. For conceive the 
semicircle P L S to remain fixed^ whilst P K S re- 
volves about the diameter P «S ; it will appear evi- 
dent that the generated surface, PKSLP, will be 
to the surface of the sphere as the arc K L isto the 
circumference G H, or as K PL is to 2 w. Let 
r=: radius of the sphere, then the sur&ce of the 
sphere being =4 «• r*,* we have. 



* Differential Calculus. 
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therefore, 

surface PKSL P=z2 r" x P. 

{P being taken to represent the arc corresponding 
to the angle at P, to radius 1). 

(80.) Let ABC (^g, 21.) be a spherical tri- 
angle^ produce the sides to form complete circles^ 
and let the great circle^ DEFGHK, intersect 
these circles without the triangle ABC, Since 
D E 6^=semicircumference :^E GH, therefore the 
arc DEzzGH; also E C HzzC H L, therefore 
CEzzHL; md D C G=C G L, hence D C=G L, 
The triangles D C E, GL H have, therefore, their 
sides equal, each to each ; their corresponding angles 
are likewise respectively equal, being measured by 
the inclinations of the planes of the circles. Hence 
they are equivalent in surface. 

Therefore, C G flT+D C E or G L H=2 r'xC, 

similarly, BDK+BFG zz^r'xB, 

and AEF-J^AKH -zi^r^xA; 

by addition, we have, 

surface of hemisphere ^2 ABC=:2r^{A^B-\-C), 

or, 2 ir r'+2 A B C=2 r« {A-^B+ C) ; 
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. •. surface of triangle A B C:=.r^ (A-\'B-\-C—'7r) : 
A+B-^C—ir, being the excess of the sum of the 
angles above two right angles^ is generally denomi- 
nated the spherical excess. 

(81.) Suppose ABC (fig. 24.) to be a spherical 
triangle, and with the points A, B, C, as poles, let 
the great circles E F, D F, D E, be described; a 
triaogle^ D E F, will be formed, which is called the 
polar or supplemental triangle. 

Because A is the pole of E F, the arc joining 
A, F is a quadrant ; and since B is the pole D F, the 
arc joining ^, ^ is a quadrant : hence the point F is 
tlie pole of A B, Similarly, D is the pole B C, 
and E that of A C, Therefore A B C is the polar 
triangle to D E F, 

Call ABC the primitive triangle, and produce 
the sides C A, C B, to meet D -E" in H, K, Now, 
D and E being the poles of C B K and C A H, the 
arcs D K, EH, are each =: quadrant^ hence Z) E 
zzD K-\-E H-^K H-^-^C. Similarly, D F 
zztt—- B, 2ind E Fz:z':r— A. Therefore the sides of 
the polar triangle = supplements of the angles of 
the primitive triangle. 

Produce A C to meet E F in L; then A CzzA L 
•^HC-^HL—ir^E.- Similarly, A Bzzir^F and 
B Cz=.ic--D. Therefore, the sides of the primitive 



I 



I 
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triangle = supplements of the angles of the polar 
triangle* 

(82.) Let a represent the sum of the sides of the 
polar triangle, and A the sum of the angles of the 
primitive triangle; then by (81.), a +^=3 «-; now, 
a must be of some magnitude, but less than 2 t, by 
(78.) : hence A must be less than 3 v, and greater 
than 7. 

(83.) Imagine ABC (fig. 2Q.) to be a spherical 
triangle, right angled at C. Produce A B, C B, to 

D, E, making A D and C E each = ^ ; through 

D and E describe the great circle E DF, meeting 
A C produced in F, The triangle EBD is called 



«r 



the complemental triangle. Since E C=:-, and per- 

pendicular to A C, the point E is the pole ai AC 
(74.) ; therefore the angle F is a right angle, and the 
arc joining A and E a quadrant : hence, A is the 
pole of E Fy the angle ADE is a right angle, and 

^ F is a quadrant. Also, since E Fzz^, ED is the 

complement of F D, or angle A ; the angle E or 

f2 
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C F, is the complement of AC ; BE is the com- 
plement of C B, and B D the complement of A B. 

(84.) The foregoing principles being understood, 
we shall proceed to the solution of spherical tri- 
angles> the general problem being as in plane tri- 
angles^ from any three known parts to determine the 
rest. 



SECTION VI. 

SPHERICAL TRIGONOMETRY. 

(85.) The sines of the sides of a spherical tri- 
angle are proportional to the sines of the opposite 
angles. 

Let ABC (fig. 22.) be a spherical triangle^ the 
centre of the sphere ; join A 0, B Oy CO ; also 
draw C D perpendicular to the plane A OB, C E 
perpendicular to A O, and C F to BO; and join 
D E, D F. Since C D is perpendicular to the 
plane A OB, the angle CD E is a right an^» 
therefore, 

CF^+OE'-OC^-OB'^CD' 
=iOD*-^CE^-^ED\', OE^zzOD'-'ED'^; 
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hence the triangle D E is right angled^ or D E is 
perpendicular to A O; but C E is likewise perpen- 
dicular to A O, therefore the angle C E D is the 
measure of the spherical angle A ; elso, C E is the 
sine of A C. 
Hence^ 

CD=CE . sin CE Dzrsin AC .sin A: 

similarly^ 

C Dzzsin BC .sin B; 

therefore^ 

sin ^ C . sin .^nsin B C . sin B, 
or, 

sin ^ C : sin JB C : : sin B : sin A. 

(86.) Let ABC (^g. 20.) be a spherical tri- 
angle right angled at C, and EBD the comple- 
mental triangle (83.) ; also let the sides B C, AC, 
A B, he denoted by a, b, c, respectively : then by 
(85.), 

sin D : sin E : : sin B E : sin B D, or, 
1 : cos 6 : : cos a : cos e, 

.*. cos cncos a . cos b (1) 

Also, 

1 : sin ^ : : sin c : sin a. 
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.*. sin a=8in c . sin A (2) 

Similarly, 

sin &=:s]n c . sin B (3) 

In the triangle E B D, 

1 : sin B : : ^in B E I sin D E, or 

1 : sin B : : cos a : cos A. 

cos A ,ji^ 

•cos fl = _-~ (4) 

sini> 

Similarly, cos 6 = -: — - (5) 

sin A 

Multiplying these two equations together, 
cos a . cos b or cos c^cot A . cot B (6) 

From this principle, 

cos B £=cot B , cot E or sin a=tan6 . cotB...(7) 

Similarly, sin bzztan a . cot A (8) 

By this, sin D E:=: tan JB D . cot E or 
cos ^izcot c . tan b (9) 

Similarly, cos £=cot c • tan a ...••• (10) 

The ten preceding equations comprehend all the 
cases of right angled spherical triangles : we shall 
present them in a tabular form. ' 
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COS C = COS II . COS b 1. l^ 

ma =z sin c . sin A 2. 

«ia b = sin c . sin B 3. ' 

cos .^ := cos a . sin ^ 4. '^ 

cos B =: cos & . sin .^ 5. ^ 

cose =1 cot -4 . cot JB 6. -' 

sin a zi tan b , cot B 7- ^ ' 

«in b :=. tan a . cot ^ 8. ^ 

•cos ^ zz tan 6 . cot c 9. ' 

<X)S B ZI tan a . cot c 10. 

(87.) In viewing the equations 1, 2, 3, 4, 5, we 
perceive^ on the one hand^ the two sides, a, b, af- 
fected with sine, and the two angles A, B, and the 
faypothenuse c, with, cosine ; on the other hand, a, b, 
are affected with cosine^ and A, B, and c, with sine. 
We see further, that in each equation, the three 
parts concerned have the same relative situation that 
they have in the triangle. For example, a and b 
join together in^he figure*, and c is separated from 
them : this relative situation takes place in the first 
equation. 

Of tlie equations 6, T, 8, 9, 10^ the left side of 



* The right angle C being known, is not considered to 
4iBJoin the sides a and 6. 
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each is the same as the corresponding one of the first 
five ; on the right hand^ a, b, are affected with tan- 
gent^ and A, B, c, with cotangent. We also observe, 
that in each equation, the three parts concerned join 
together in the triangle, the middle one being that 
which is separated from the other two in the equa- 
tion. 

From these remarkable local properties, Napier 
invented a kind of technical memory to embrace all 
the equations, called the Five Circular Parts. 

The five circular parts are the two sides, the com- 
plements of the two angles, and the complement of 
the hypothenuse. If the three parts concerned in 
any solution, viz., the two given parts and the re- 
quired part, join together, that which is in the mid- 
dle is called the middle part, and the other two the 
conjoined parts. But if the three parts do not all 
join together, the part which is separated, is called 
the middle part, and the others, the disjoined parts. 
This being settled, the two following rules will ma- 
nifestly comprise all the cases of right angled sphe* 
rical triangles. 

" Product of radius and sine of the middle part 
zzproduct of tangents of the conjoined parts" and 
*' product of radius and sine of the middle part zzpro- 
duct of cosines of the disjoined parts." 

These rules were considered by Professor Playfiur 
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to be the happiest example of artificial memory tbat 
is kno\m (b)- 

Example I. Suppose the two angles A and B of 
a right angled spherical triangle to be 72° 18' and 
63° 28' ; required the two sides and the hypothe- 
nuse. 

To find the side a, we take the complement of A, 
or fZ ^ A\, for the middle part^ and a and the com- 
plement of Bj or fZ^ B\ for the disjoined parts : 
hence^ by the second rule^ 

r . cos ^=:cos a . sin B. 
.• . log cos a=:log cos -4 -|- 10— log sin B. 

10+log cos 72° 18' 19 • 4829208 

log sin 63° 28' 9-9516651 

log COS a 9-5312557 

Hence the side a=70° 8^ 2". 

To find the side b, we shall similarly have, 
log cos 6= log 008 B + 10— log sin A, 
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10 + log COS 63° 28* 19-6500338 

log sin 72^ 18' 9-9789386 

log cos 6 9-6710952 

Hence b=6f^ 2' 10". 

To find the hypothenuse c, we have f - — c] for ' 

the middle part, and ^-— ^) and [-— J5^ for the 

conjoined parts ; hence, by the first rule, 
r . cos c=cot A , cot B, or 

log cos c=:log cot -<4+log cot J5— 10. 

log cot 72° 18' 9-5039822 

log cot 63° 28' 9-6983687 

19-2023509 
10 

log cose 9*2023509 

.•.c=:80M9'51". 

Example JI. The base of a right angled sphe- 
rical triangle=34° 10', and the opposite angle=:71° 
15' ; required the oth6r parts. 
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Answer, A = 22° 51' 38', a= IS** 19' 15" and 

c=36° 22^ 32". 

Example III. The two sides are 15^ 31', and 
45° 2', what are the values of the two angles and 
hypothenuse ? 

The two angles are 21*» 25' 32" and 75* 2* 23", 
and the hypothenuse 47** 4' 59". 

(88.) To find the cosine of an angle when the 
three sides of the triangle are given. 

Let ABC (fig. 23.) be any spherical triangle, O 
the centre of the sphere ; draw CD, C E, tangents 
to the arcs AC,CB, and AD, O B E, secants ; 
join D E. Since CD, C E, are drawn in the planes 
A OC, B O C, perpendicular to the common inter- 
Section C, the angle X) C £ is the measure of the 
spherical angle C By (49.) we have, 

OJE;*-fOi)*-2 OE.OD. cos DOEzzDE" 
=zCE'+CD^^2CE.CD.cos DCE. CaU 
C B, a; A C, b; A B, c; and observe that A B 
is the measure of the angle DOE; then, 

sec *a4-sec '6—2 sec a . sec 6 . cos c 
iztan* a + tan* 6—2 tan a . tan 6 . cos C; 

but sec*zi 1 -|- tan*, seczi — , and tan zz — ; 

cos cos 
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therefore^ 

2 cos c 



l+tan*fl-fl-ftan*6 



z=tan* a 4- tan* b — 



cos a . cos 6 

2 sin a . sin b . cos C 
cos a . cos 6 



, 2 sin a . sin 6 ^ 2 cos c o 

nence> . cos C = —2, or 

cos a . cos 6 cos a , cos 6 

2 sin a . sin 6 . cos C=z2 cos c— 2 cos a . cos 6 ; 
from which we obtain^ 

cos c — cos a . cos 6 



cos Czi 



sin a . sin 6 



This formnla is inconvenient for logarithmic com- 
putation. 



/on \ o* /^ cose — cos a. cos & 1 
(89.) Smoe cos C zz : , we have 

sin a . sin 6 

1 ^ «^- r» ^« o «^o* ^ 1 I cos c — cos a . cos b 
1 +COS C, or 53 cos — =z 1 + ; ; — i 

2 sin a . sin 6 

cos c — (cos a . cos 6— sin a . sin b) 

sin a . sin b 

o • a-h^ + c . a+i — c 
_ 2 sm — I^ — -- . sm — ^- — 

cose— cos fl + o 2 2 _ 

— r ^-T-= ■• ^— I (22). 

sin a . sm 6 sm a . sm 6 ^ '^ 
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Let -JT— x5~aS, then  "" -ziiS—c; hence. 



xC sin 5 . sin S — c ,^ . 

cos -= ; r-T— (1.) 

2 sin a . sin 6 

C 

Again, 1— cos C, or 2 sin*— 

I COS c^— cos a . cos h 

sin a . sin 6 

(sin a . sin 6-f cos a . cos 6) — cos c 

sin a . sin 6 

rt . a + c — h h-\-c — a 

2 sin — — - — . sm — - — 



cos a — b — cos c 



sin a . sin b sin a . sin 6 



__ 2 sin iS— 6 . sin S—a , 
sin a • sin 6 

hence, 

. 4 C sin 5' — 6 . sin o— o /^ \ 

sin*-- =: : 7—7 W 

2 sm a . sin 6 

Dividing this by the former, we have. 



, C sin S — b . sin S — a ,« x 

tan^ — = ; — — — (3.) 

2 sin i^ . sin S — c 



Multiplying the product of the same equations 

C ^ C 
_ , cos —- 

2 2 



C C 

by 4, we obtain 4 sin* —  . cos* ---, or (23.), 
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. »>-, 4s]niS.sin/$ — a.&inS — b»sin.S — c ^a>. 

sin a . sin 6 

All these forms for the determination of an angle 
when the three sides are given^ are convenient for 
computation by logarithms. 

When only one angle is required^ the equation 
(2.) will generally be most appropriate ; and when 
two or all the angles are to be found, the equation 
(3.) will be the most expeditious^ since the same 
numbers are used in the three calculations (c). 

(90.) Suppose two sides and the contained angle 
are given, to find the other angles and the third 
side. 

We have, by last art. 



. ^ _ / sin S—b . sin 5— c 

^^1) ^ S/^ — : > 

^ sin S . sin 6'— a 



1 . B y sin S^a . sin S — c 
and tan _. zz y/ r==r— 

2 &in S , sin iS—b 

hence, 

. « tan -- 4- tan — 
^ A + B 2 2 

tan — ! — n 



1 — tan -- . tan ~ 
2 2 
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in iS— 6 . sin S—c . ysin S—a . sin /S — c 



ysm o— o . sm o— c , y sm 



sin S sin 6' — a sin iS . sin ^S — 6 



/(^^ ^ — ^ • sin iV— c sin S — a . sin /S— c\ 

^ sin iS . sin S—a sin S . sin iS— 6 



ysin 5— c / / sin 1^—6 ysin 5— av 
sin ^ ^ sin iV=Ia sin ^^36-' 



, sin S—c 

sin 4^' 



^__ V'sin ^9 . sin S—c / ysin S—h y sin -S--a\ 
sin iS— sin S—c sin iiS'—fl sin S—b^ 



a/ sin 5 . sin S—c / sin i^— ^-j-sin S—a \ 

sin <S — sin S—c ^\/sin 6' — a . sin S—6^ 



t y sin 5 . sin S — c ^sin S — 6 + sin S — a\ 

\ "" . sin S—a . sin S—b V sin 5— sin S^c 



rt . c a— 6 

2 sm - . cos 

= *^* 2 • I !+6 .% (89) ««d (22-) 

2 cos , sin - 



a-b 
cos 

^ <^otS (1.) 



a-\-b 2 

cos -4— 
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tan ^ — tan - 

Alao tan ^ =z . _. (similarly) 

1+tan — . tan — 
2 2 



_. C sin A'— 6— sin 5" — a 

ZZ cot — . — r=:r- 

2 sin iS -h sin S-^c 

a — b 
sm 

^ cot 5 (2.) 



. a-rb 2 

sin —— 

2 

Hence, — X— ^^^ _II are known : their sum 

2 2 

gives the value of A, and their difference that of B, 

The third side Cj is determined firom (85). 



(91.) The third side, however, may be found with- 
out knowing the two angles ; that is directly from 
the data, and this may be done in the following 
manner. 

By (88.), we have, 

cos c=:co8 a . cos 6+8in a . sin b . cob C; 

but, cos C=:2 cos* — — 1 ; 

hence, 

C 

cos cncos a . cos 14-2 Bin a . tin b . c€»^-~ 

2 
•^sin a . sin b, 
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=cos 0+6-^-2 sin a . sin 6 . cos* — ; 

therefore^ 1 — cos c, or, 

c — *• . C 

2 sin* — = 1 —cos a +6— 2 sin a . sin 6 . cos*— 

2 2 

1=2 sin' —I- —2 sin a . sin 6 . cos* — : 
2 2 

hence, we have, 

sin — zism' — —- — sm a . sm 6 . cos — : 
2 2 2 

let sin a . sin 6 . cos* - = sin* 9, ^. . . X 

2 



then. 



Sin - = sm* — — - —sin' 9 
2 2 



= sin (^* + 0) . sin (f+i - G) (25.) 

(92.) Otherwise thus : 
We have already, 

cos c^sin a . sin 6 . cos C+cos a . cos 6 ; 

let the second side be put under the form, 

cos h (sin a • tan b cos C+cos a). 
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and assume^ 
N/ tan b . cos Ciztan f ; 

then we have^ 

cos c=co8 b (sin a . tan f +cos a) 

cos b / • . ^ , ^v 

=: (sin a . sin ^-f cos a . cos ^) 

cos^ 

cos ft / ^x 

= cos (a— 0). 

cos^ 

(93.) Another method^ for this purpose^ maj be 
deduced from the same fundamental theorem. 
Since^ 

cos c=C06 a . cos 6+sin a . sin 6 . cos C 

let the second side of the equation be put under 
the form^ 

, / 1 , sin a . sin 6 . /^\ 
cos a . cos 1 1 + =. . cos C I ; 

V cos a . cos6 / 

then^ we have^ 

cos c=cos a . cos 6 (1 +tan a . tan b . cos C), 

^ assume tan a . tan b . cos C=tan^ 0^ 

and^ 

cos c=:cos a . cos 6 (1 +tan^ O)=:cos a . cos 6 . sec^ | 

^cos a . cos 6 
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When tan a . tan h . cos C is negative, this me- 
thod, however, fails, since tan d then becomes im- 
possible. 

(94.) Given two angles and the included side to 
find the other sides and the third angle. 

Take the polar triangle (81.) and let a\ h\ d, be 
the sides and A' B' C^ the angles opposite : then 
since the sides and angles of the polar triangle are 
the supplements of the angles and sides of the pri- 
mitive triangle, we have, 

A^zzv — a, B^zzir-^b, C^-zitf^c, hence, 

A'+B'_ a+h q!^W_ A + B 

—2 — """-^' -2 — "" — r' 

a'-h' _B''A 
Now, by (90 (!•)) w® have, 

, A'+B'J^^ 2 C' , 

tan — - — = ; — — cot-—.; hence, 

cos- . 

2 

B^A 



cos 



tan— J—ii: — =■ tan -, or 

2 A + B 2 

— cos — -— 



g2 
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COS 



tan^= ^tan|..;...(l.) 

2 ^4±R 2 



Again (90 (2.)), 

. a'-V 

Sin — I — 
2 

hence> 

sin 

. A-B 

sin 

Sin — - — 



Hence, t—, and -H- being known, their sum is 
2 2 

the value of a, and their difference that of h. 

The third angle C may be found by (85.), or in- 
dependently of the sides a and h, by a process simi- 
lar to (91.) or (92.) 
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(95.) Given the two sides {a, b) and an angle {A) 
opposite one of them to find the rest. 

By (85.) sin a : sin b : : &,n A : sin B; from this 
the angle B will be known* 

Also (90 .(1.)), we have, 

a-{-b 

^ cos — L_ ^ ' 

^ C _ 2 ^ A-^B 
cot ^ iz tan — I — 

2 a^b 2 

cos 

2 
hence C is known. 

The third side c is found from (85.) ^ 

This is one of the ambiguous cases in Spherical 
Trigonometry, when b is greater than a ; for the 
angle B being found from its sine, has manifestly 
two values, B and v^-B, and there is nothing in the 
data to decide whether the triangle A C B, or A C B', 
(fig. 25.) in whidi C BzzC jB', is to be taken. 

(96.) Given the two angles (^, B) and the side 
(a) opposite one of the angles, to determine the 
other parts. 

By (85.), we have sin ^^ : sin J3 : : sin a : sin 6 ; 
this will determine b. 

From (94 (1.)), 

cos  ' 

tan - = — -- tan -2 — 

2 A-^B 2 

cos 
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hence c will be known. 

The third angle C is found from (85.) 

In this case^ when B is greater than A, either of 
the triangles A B C, D B C (fig. 25.) in which D C 
produced makes C B'zzA C, satisfies the given con- 
ditions. 

These are the only ambiguous cases of oblique 
spherical triangles. 

(97*) If the three angles are given to find the 
three sides^ we may take the polar triangle in which 
the three sides will be known^ and find by (89.)^ the 
three angles^ the supplements of which will be the 
sides Inquired. This is^ however^ a case which ne- 
ver dccurs in any applications of Spherical Trigo- 
nometry *. 

(98.) In the solution of quadrantal triangles^ if 
we take the corresponding polar triangle^ it will evi- 
dently be right angled. Hence Napier's rules may 
be applied to quadrantal triangles, if we take for 
the circular parts the complements of the sides^ the 
complement of the angle opposite the quadrant^ and 
the two angles. But as there is some difficulty in 
the determination of the signs, it will be more con- 
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vienient to make use of the general formulae in (85.) 
and (88.), which^ when applied to quadrantal tri- 
anglesj are always much simplified. 

(99.) We have now detailed all the formulae ne- 
cessary for the solution of spherical triangles. Some 
of the cases may be solved by drawing a perpen- 
dicular from one of the angles to the opposite side> 
^ and applying Napier's rules for the solution of right 
angled triangles. But as some difficulty may arise 
to a young student, in deciding whether the perpen- 
dicular fdls within or without the triangle, it will, 
perhaps, be found to be more expeditious, to use the 
preceding general formulae (c.) 



(100.) We shall now proceed to the practical so- 
lution of spherical triangles, in every case of which 
it will be necessary to bear in mind that every side 
and angle must be less than 180°, and that the greater 
angles are opposite to the greater sides. 
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Example I. In the spherical triangle^ ABC, 
suppose there were given the side a =104'' 23'^ the 
side 6=67° 3', and the side c=52° 42*, and that it 
was required to find the angle A, we should obtain 
it by the Mowing operation. 

104« 23' =ia 
QT 3 =6 
52M2 =c 

224' 8 

112' 4 =5. 

. • . S^b-4^^ I' iSlI^=59* 22'. 

T»-. /on fCk\ • "^ / sin S — h . sin S — c 
By(89...(2),8m-.= y^ :— - — : 

2 sin 6 . sm c 

sin 67** 3', CO ar 0- 0358132 

sin 52^ 42' 00993743 

sin 45° r log 9-8496113 

sin 59** 22' 9-9347235 

19 - 9195223 
sin ^ 9-9597611 

This corresponds to :i =65*^ 42' 53" 

..A- 13r25'46". 
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Example II. Given the side a =118** 20', the 
side h =38^ 9*, and the included angle Cz=40^ to 
determine the angles A and B and the side c. 

a— 6 
cos 

By (90.) tan £+£= ^ ^^^ C 

2 a+6 2 

cos — -- 

2 
, a — b 

tan =: cot — , 

2 . fl+6 2 

sm — i — 

2 

in which, 

^=40° 5' 30", f^=78''14'30^ -=20%- 

hence we shall obtain the angles A and B by the 
following computation: 

cos 78° 14' 30", CO ar... • 6908296 

cos 40° 6' 30", log 9 • 8836700 

cot 20° 10-4389341 

tan£±:? 11-0134337 

.•.^^±^=84«»27'44" 



90 THE ELEMENTS OF 

sin 78^ 14' 30", co ar... • 0092103 

sin 40*^ 5' 30", log 9 • 8088942 

cot 20° 10-4389341 

tandz::? 10-2570386 

.'.dll^zz 61<'2'39'. 

.•.A = 145^ 30' 23", 
3= 23^25'6^ 

Now to find the third side c, we have the propor- 
tion, 

sin f : sin C : : sin b : sin c. 

sin40^1<^ 9-8080675 

sin38°9' 9-7907933 

19 • 5988608 
sin 230 25' 5" 9-5992684 

sine 9-9995924 

hence, c=:ST 31' 5", 
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Example III. Suppose we have given the angle 
A=ll2^ 25', the angle J5zz73° 15', and the con- 
tained side c=:24* 38' to find the rest, 

cos 

By(94.)tan«-+^=__^tan| (1.) 

COS — I 

2 

o; ^-^ 

sm 

tan^z= 2_tan£ (2.) 

Sin — Z. 

2 

^^=19° 35' i±Rzz92° 50' i=12'> 19^ : 

hence we shall obtain the values of the sides a 
and b by computing, as follows : 

cos 19° 35', log 9-9741224 

tan 120 19' 9-3391333 

19-3132557 
cos 92° 50' 8-6939980 

tan^ 10-6192577 

The number corresponding to this logarithm in 
the tables, is 7& 29' 18" ; but since cos —^ — is 

negative, therefore (equ. 1.) tan -Z- is also nega- 

St 
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tive ; hence we must take the supplement of the 
angle in the tables for the value of^"^ . We have 

therefore, ^Ll^z: 103° 30' 42". 

sin 19« 35', log 9-5252749 

tan 12° 19' 9-3391333 

18 • 8644082 
sin 920 50' 9-9994688 

tanfri 8-8649394 

^i:^=:4Ml'26"-5. 
2 



• • 



,'.a= 107*42' 8" -5, 
b = 99M9'16"-5. 

To find the angle C, we have, 

sin b : sin c : : sin ^ : sin C. 

sin 24° 38', log 9 - 6199378 

sin 73" 15' 9-9811711 

19-6011089 
sin 99° 19' 16" - 5 9 . 9942272 

sin C 9-6068817 

.-. C=:23' 51' 27" • 5. 
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Example IV. Let there be given the side 
a=75°33', the side 6=18° 5', and the angle A=zl3(y* 
to find the angles B and C and the third side. 

To find the angle B, we have, 
sin a : sin 6 : : sin ^ : sin B, 

sin 18** 5', log 9 • 4919216 

sin 130^ 9-8842540 

19 -3761756 
sin 75*^33' 9-9860394 

sinJB 9-3901362 

Now, there are two angles answering to this loga- 
rithmic sine, viz : 14° ] 2' 51", and its supplement ; 
but the latter being greater than A, is inadmissible ; 
we must therefore restrict our choice to the former. 

Hence, JB=14° 12' 51". 

To find the angle C, 

cos ' - 

By (95.) cot £ =z ±- tan dJb? 

^ ^ 2 a-6 2 

cos 

2 

in which, 

^= 460 49' fz:^=28'» 44' £±^=720 & 25"^ 
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COS 46*» 49', log 9 • 8352688 

tan 72° & 25" ^ 10 • 4909929 

20 • 3262617 
cos 2&> 44' 9 • 9429335 

cot£ 10-3833282 



•.£=220 28' 27" -3 



• 



C=44o 5& 54" • 6. 

Lastly, to detennine the third side c, we have> 
sin ^ : sin C : : sin a : sin c. 

sin 44° 5& 54" • 6, log- . 9 • 8490943 
sin 75° 33' 9-9860394 

19 • 8351337 
sin 130o 9 • 8842540 

sin jc 9 • 9508797 

-•.c=63ol5'36". 
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Example V. Suppose J=130o, BzzU^ iQ^ SV\ 
and azz7^° 3S, required 6, c and C. 

To find b. 
sm A : sin B :: a : b, 

sin 14° 12' 61", log 9 • 3901362 

sin 75° 33' 9-9860394 

19 • 3761756 
sin 130° 9-8842540 

sin b 9 • 4919216 

Now, since b must be less than a, there exists no 
ambiguity; therefore, 

6=18o5', 
To find the side c, we hare, 
A+B 

cos • 

tan -=: tan —LI 

2 A^B 2 

cos 

2 

dj5 being=:72o & 25"i, dnEzn 57° 53^ 34"i 

l±*=46o 49^. 
2 

cos 72° 6' 25"i, log 9 • 4874763 

tan 46° 49' 10 0275587 

19 • 5150350 
cos 57° 53' 34"J 9 . 7255060 

tanl 9-7895290 

2 
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C 



hence, 1 =31° 37 48" 
2 

c -63° 15' 36". 



To find C. 
sin a : sin c : : sin ^ : sin C. 

sin 63o 15' 36", log 9 • 9508797 

8inl30> 9-8842540 

19-8351337 
sin 75° 33' 9-9860394 

sin C ,..; 9-8490943 

.-. C=44o 56' 54" • 6. 

Example VI. Let it be required to determine the 
shortest distance between two places upon the earth ; 
suppose between Constantinople and Tobolsk in 
Asiatic Russia : the latitude and longitude of the 
former being 41° n. and 29° e. and those of the lat- 
ter 58° N. and 69° e. 

Let P (fig. 26.) represent the north pole of the 
earth, P G, P C, and P T, the meridians of Green- 
wich, Constantinople, and Tobolsk, respectively; 
and conceive C, T, the points representing the two 
places, to be joined by the arc of a great circle ; this 
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line will evidently be the shortest distance between 
them. 

In the spherical triangle^ P C T, the two sides, 
PC, P T, are known^ since they are the comple- 
ments of the latitudes of the two places^ and we 
likewise know the angle C P 7^ at the pole^ since it 
is manifestly the difference in longitude of the two 
points C and> T, 

Let P C =z 490 = a 
P r = 320 = 6 
C P r = 40> = C, 

and if we call C T, c, we have, for determining it, 
the foiinuloe, 

tan ^ z= cos C. tan 6, 

^^_co86.cos(a-^).Q3 

cos ^ 

cos 40^, log 9-8842540 

tan 320 9-7957892 

tanf 9-6800432 

.•.?>=25o34'46". 
Hence (a^(p)r=23o25' 14'\ 

H 
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cos32«, log 9-9284205 

cos 230 25' 14" 9 • 9626592 

19 • 8910797 
cos 25^ 34' 46" 9 • 9552005 

cose 9-9358792 

.•.corCr=30«22'28". 

Now, if we take the length of a degree to be 
69-12 miles, we shall find the distance between 
Constantinople and Tobolsk to be 30«» • 3744 x 69 • 12 
=2099 • 2 miles. 

Example VII. In the extension of the late 
French Trigonometrical Survey, the spherical excess 
of the triangle which connected Spain with Iviza, 
amounted to 39"; what was the area of the triangle, 
supposing the earth a sphere, and the radius 3960 
miles ? 

Denoting the three angles of the spherical tri- 
angle by A, By C, we have, by (80.) 

area of the triangle=rad^ X (J +5+ C— w) ; 

the quantity within the vinculum representing the 
spherical excess, expressed in terms of the radius 1. 
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Hence> 

area=:3960* X 39 X • 000004848137, 

or, 

log area=2 log 3960 +1(^ 39+4 • 68557487* 
=11 -88096525+ log 39 
=13-47202986. 

. * . areai=2965 - 03 square miles. 

Example VIII. In a quadrantal triangle^ ABC, 
suppose we have given the side 6=38° 19', the side 
c=90<>, and the angle 0=115° 58' ; to find the 
other parts. 

By (88.) we have the formula 

Ccos c — cos a . cos 6 i . n 

= ; ; — ; but cos czzi), 

sin a . sin 6 
. • . cos Czn — cot o . cot h, 
or, 

cos C 



cot a= — 



cot b 



* In calculating the value of the area, we increased the 
logarithm of the value of 1^' in terms of radius 1, by 10, and 
therefore it was necessary to diminish the logarithm of the 
area by 10. The only reason for employing this process is 
to obviate the inconvenience of using negative indices* 

h2 
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COS fw— C)_ COS 64° 2' 

cot"6 cot 38° lir 

COS 64° 2', log 9 • 6413235 

cot 38° 19' 10-1022493 

cot a 9 • 5390742 

.-.0=700 54' 52". 

The sides a and b being known^ we determine the 
opposite angles by the application of (85.)^ which 
gives J=58o lO' 17", and 3=33^ 52' 38". 

Example IX. The three sides of a spherical tri- 
angle are 79° 18', 55° 30', and 115° 46*, what are 
the three angles ? 

Answer, 54° 24' 52", 43° 0' 23", and 131° 48^ 39". 

Example X. In a spherical triangle occurring in 
the Trigonometrical Survey, the sum of the angles 
amounted to 180° 0' 1 • 25", what was the area of 
the triangle ? 

Area=95 * 033 square miles. 

Example XI. What is the distance between the 

observatories of Greenwich and Paris, the latitudes 

of the two places being 51° 28' 40" n. and 48° 50" 

15" N., and their difference in longitude 2° 20' 24" .^ 

The arc between the two observatories =3° 2* 20". 
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Example XII. Suppose the two angles of a 
spherical triangle to be 58o 5' 4", and 62° 34' 6", and 
the included side 122^; required the rest. 

Answer, the two sides are 7^ a°^ 79° 17 14", 
and the third angle 130°. 

Example XIII. Required the length of a degree 
of longitude at Greenwich, in latitude 51° 28' 40" n., 
supposing the earth to be a sphere, and the radius 
=3960 miles. (Vid. fig. 19.) 

Answer, 43 • 046 miles. 



SECTION VII. 

ON THE EXPANSION OF TRIGONOMETRICAL 
QUANTITIES INTO SERIES, ETC. 

(101.) In the preceding part of the work, we 
have made use only of the elementary theorems in 
Geometry, and the simpler processes of Algebra ; 
in this section it will be necessary for the student to 
be somewhat acquainted with the higher parts of 
Algebra, theory of Equations, Logarithms, &c. 

(102.) If we multiply together the two- factors. 
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COS -4+ -v/— 1 sin A and cos B+ \/— I sin B, 

the product = 

cos A . cos B — sin A . sin B+ •/ — 1 (sin A . cos B 
H-cos -4 • sin JB), 

which^ by (20.), may be reduced to the form, 
cos (J+JB)±-v/iri sin (/4 + JB). 

From this principle, we form successively the fol- 
lowing equations : 

(cos A± v/~l sin J)*z= (cos 2 J+ ss/~\ sin 2 A), 

(cos J + v^— 1 sin J)'=(cos 3-4Hh\/— 1 sin 3-4), 

(cos Jjh V— 1 sin -4)*= (cos 4 -4+ \/— 1 sin 4 -4), 
&c. =: &c. 

hence, generally, 
(cos -4 + \/— 1 sin i4)**=:cos n -4 + \/— 1 sin n A, 

(cos -4— -/—I sin -4)'*r:cos n A—t/ — I sin n A, 
This is Demoivre's theorem. 

(103.) Lemma. When the arc is diminished in- 
definitely the limiting ratio of the arc, sine and tan- 
gent is one of equality. 

Let A P (fig. 3.) be an arc, P M its sine, and 
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^ T its tangent. Since the sector A O P h less 
than the triangle A T,we have, 

\A0 . APless than ^ A . A T, or A Plessthan 
AT. 

Also, the arc A P, being greater than the chord, 

is therefore greater than the sine. But, — = 

sin A P 

=: 7-^=1 when A PziO; hence the arc, sine, 

cos A P 

and tangent, tend to equality, when the arc is di- 
minished indefinitely. 

(104.) To express the sine and cosine in terms 
of the arc. 

Resuming the equations in (102.), we have, 

cos ni4 + \/ — 1 sin n i4zz(cos -4 + -/— 1 sin Ay^> 
cos n A-—*/-^! sin n J=:(cos A-^^^-\ sin AJ^i 

by addition and subtraction, 

cos n -4= i { (cos A H- \/— 1 sin A)^ 
+ (cos -4— V~l sin AY} ; 

v^— 1 sin n Azz^ {{cos -4 + ^/— 1 sin Ay* 
—(cos A^^~\ sin A)^}. 
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Expanding these powers into series^ we shall 
have, 

cos n if = cos A-^ —1 f cos A , sm A 

1.2 

_^n (n-1) (n-2) («-3) n-4^ ^.^, ^_ ^^ 
1.2.3.4 

sin n Azun cos A sin A ^ 1 — i i 

1.2.3 

.cos'*'"^^ .sin' JH-&C. 

or, since cos "~ Azz^ , cos"~ Az=!^ — ,&e- 

cos A co^A 

cos n ^=cos A . \\ . ~^ ' tan* A 

X 1.2 

n (n-1) (n~2) (n-3) ^^^4 ^ ^^^ ^ 

^ — 1.2.3.4 ^"^ ^ r . 



in n ^z=cos yi -< » tan^ 

_ n («-l) (n-2) . 
1.2.3 



' J+&c.| t 



let nAzzx .*. n=~ ; hence we have 

^ ** >« f 1 J? (^— '<^) tan* -4 
cos a;r:oos A < 1— — ^ — -— ^ . — - — 

I 1.2 J* 
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,a;(x-A)(x-2A)(x-3A) tan* A . 1 
■^ 1727374 ---jT- -*«=•; 



_ . tan A 
sin 



iin orizcos A < x. 

X (x^A) . (or— 2 A) tan' A , ^ 1 

- 1.2.3 • -^r- +&«• 1 • 

Now, these series being true for any value of A, 
are therefore true when -4=0; in this case, cos -4 

=:l.-.cos'*^=l; aIsoi?!^=l: 

A 

hence, taking the limits. 



x"- , x^ x"" 



cos ami— +- + &c. 

1.2 1.2.3.4 1.2.3.4.5.6^ 

sin xzzx— — ^ 4- — &c. 

1.2.3 1.2,3,4.5 



(105.) Let e be the base of the Naperian system 
of logarithms, then it is well known that 

«*= 1 +f +.»flH- ^ + — + &c. 

11.21 .2.31 .2.3.4 

if X be successively changed to x ^^ — 1 and 
— a:\/ — 1, we shall have, 

* •— 1_ 1 , ^ v/— 1 ^* J?'i/— 1 

■" I TT2 1.2.3 
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1 1.2 1.2.3 

+1727374"-^^- 

by addition and subtraction, we obtain, 
e + e 

c — c 

V 1.2.3 1.2.3.4.5 / 

=:2x/~l sin .t (2.) 

hence, 

Jf ^ — 1 — X i/ — 1 

cos 4?zi g (3-)> 

J?^ 1 —Wy/ — 1 

sin a?=f Z±^ — _ (4.) 

2 v^— 1 

These two formulae are due to Euler, 

(106.) By adding and subtracting the equations, 
(1.), (2.), we have. 
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e zrco8ar4-\/ — 1 sin or, and 

e ncos a:— \/ —1 sm x ; 

hence, by (102.), 

nx ^ — 1 — 

e =cos nor-l- v'— 1 sin « jr, 

J — nx^ — ] — - , 

andc zicos n x — -v/— 1 sin n x. 

Also, 

e = cos (a:H-y + ) 

+ \/— 1 sin (or+^-i ), and 

(— d?— y — ....)V — 1 , 
« =C08(ar+5(H. ) 

— y/^l sin (a?+^+ ), 

whatever be the number of arcs x, y,.,.,. 
By dividing equation (4.) by (3.), we have. 



tan or: 



, arv'— -1 — dpv' — 1 

1 e — e 



• — ==■ • = =^, or (by multi- 

plying the numerator and denominator by e ) 
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(IO7.) Dividing the second equation in (104.) by 
the first, we have, 

^ ^[_ j.__^L_ — &c 

1 .2.3 1 .2.. 3.4. 5 \r fh^ 

tana-zi ^ ^ or, (by 

1 — ^— + - — &c. 

1 .2 1 .2.3,4 

actual division), 

, 2a^^ ^ Ida:' , - 

^1.2.3 1.2.3.4.5 



(108.) 

Since c'^" V^~' "^"^=2 cos x, 

l6t e zzy, then, 

y + -=: 2 cos x, 

the solution of this quadratic gives, 
^zicos x-\-s/ — 1 sin X, 

■y or, (by multiplying the 



^ cos j:+\/^-1 sin ^ 
numerator and denominator by cos x — */ — 1 sin or), 

cos X— v'— -1 sin X - — , '^ 

•=. -—i zzcos «— v^— 1 sin jr. 

cos X + sin X 
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Therefore, 

y ^ n 

y 

=zco8fiar+ v'— 1 8innj;+co8 nx—i/ — Isin nx 
=: 2 cos ft X, 

Similarly, if 

^— -=:2 \/— 1 sin jr; 

then will V — — =:2V— 1 sinn j:. 

n 

y 

(109.) To express the arc in terms of the tan- 
gent. 

Since, e zzcos a; + \/ — 1 sin a? 

zico8d:(l + \/ — 1 tana;), 
taking the Naperian logarithms, 

arV— lr:logcosaJ+log(l + \/— 1 tanar), 
now, log (1+^) expressed in a series, 

r2 r^ «.4 



110 THE ELEMENTS OF 

. • . or \/ — 1 =log COS a? + V — 1 tan x 

equating the impossible parts on each side^ and we 
have, 

x-tan ar-*i!5!^4-!?E!f-**"'^4. &c 

iL ^_ ball »I» •"" "t^ ^^ ■^— — — 1^ **\»» 

3 5 7 



(1 10.) To find the value of t. 

Let tana:=., 
5 

then, 

rt 2 tan or 5 

tan 2 xzi- — -=: ;r^, 

1— tan-^j: 12 

and, 

5 

, . 2 tan 2 j: 6 120 
tan 4 x'zz — zi : 

l-tan22ar i_^ ^9' 

144 

. * . 4 a; is greater than -1. 
Assume ^1= 4 «— -, then (since tan -=1), 
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-.1 
fan A «• 1 1 10 

tan^ 



_ tan4j--l _I79 __1 
""1 +tan 4 «"i . 120"239 ' 
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. • . -=:4 or— ^=4 arc, tan=-— arc, tan =— , 
4 5 239 

or, as it is now expressed, from a notation in the 
higher mathematics, 

- = 4 tan - — tan — . 
4 5 239 

Now, (109.) 

and, 

^-11 11 1 ^1 1 - 

tan - — 3: — — — . +— • .^— — &c. : 

239 239 3 239' 5 239' 

"" V2^""3  239' '*"5 * 2395 "" ^^') 

These series are so convergent, that by taking 
nine terms of the first and four of the second^ the 
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value of ▼ will be obtained correct to 12 places of 
decimals ; and by taking eighteen of the first and 
six of the latter^ its value will be true to upwards of 
twenty places. 

(111.) This is the celebrated problem called the 
squaring of the circle, which occasionally occupied the 
attention of mathematicians from the time of Archi- 
medes to a comparatively late date. Archimedes shew* 
ed that the value of the semicircumference to radius 
1^ or v, was greater than 3^ ^ and less than 3^. Lu- 
dolph Van Cuelen> a Dutchman^ by a very laborious 
method^ carried the approximation to thirty-six deci- 
mals. Adrian Metius^ a cotemporary with Van 

355 
Cuelen> gave a very remarkable value^ -— -> being 

113 

composed of the first three odd numbers ; this is 

correct to the seventh decimal, Abraham Sharp, 

an indefatigable calculator at Greenwich observatory, 

extended the approximation, by a method of Dr. 

Halley's, to seventy-two decimals. John Machin, 

to whom we are indebted for the formula 

-= 4 tan - -f tan -— -, 
4 5 239 

carried forward the value of «■ to one hundred 
places ; and some have even had the patience to ex- 
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tend it to the hundred and twenty-seventh^ or even 
to the hundred and fortieth place *, 

" Accordingly, this problem, which engaged the 
attention of geometers so deeply when their methods 
of Approximation were less perfect, is now degraded 
to the rank of those idle questions, with which lio 
one possessing the slightest tincture of geometrical 
science will occupy any portion of his time." — 
Legendre. 



SECTION VIII, 

(112.) To find the area of the circle. 
Let r represent the radius and c the circumfer- 
ence, then. 



area z= !4i=:r*. T=r'x3- 141593 



or= — - =:c*xO- 079580. 
4 w 



* The following is Lagni*8 approximation : 
r=:3'14]59 26535 89793 23846 26433 83279 50288 41971 
69399 37510 58209 74944 59230 78164 06286 20899 
86280 34825 34211 70679 82148 08651 32723 06647 
09384 46+. (Mem. Acad, of Sciences, 1719.) 

I 
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(113.) To find the number of degrees^ &c.^ in an 
arc which is equal to the radius. 

Since angles are proportional to the arcs on which 
they stand, 

3 • 14159... : 1 : : 180" : x, the number required ; 

=57^ 17 44" 48"'. 

(114.) To find the roots of a quadratic equation. 
1". Let the equation be x^-]-px^:=zO ; -^ 



■■••=-§±•1+5 



Assume, -^irtan* 6 ; then if the sign + be taken, 
V 

Jp= — ^ (1 -f seed) 



2 ^ cos Q/ 

— — £ /cos 6 + 1 \ 
"* aV cosQ / 



»0 

|)C0S - 

' • 

COS d 
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Similarly^ if the sign — be taken, 



sin*- 



xzz.p 



cos d 

These are the two roots of the equation x^-^-p x 
+9=0. 

2^. Let the equation be x^—jd 0:4^^=0^ 



••••=i('±v/'-*J)- 

Let 1? = sin* 9 . •. x = 2 (l±cos 6). 

Hence, x'zip cos* -, and -=.p sin* -, which are the 

two roots of the equation x*— p x+^izO. 

3°. If the equation be x^—p x^qzz.0, the roots 
will evidently be the roots of the first equation with 
their signs changed. 

4°. Let the equation be a;*+j?x+g=:0, the roots 
will then be those of the second equation with their 
signs changed. 

It will readily be seen that this method of com- 
puting the roots of a quadratic equation can only be 
used with advantage when the numbers, p and q, 
consist of several figures. 

i2 
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(115.) To find the roots of a cubic equation. 
Let the proposed cubic be deprived of its second 
term> so as to be reduced to the form 

x^ — mx — nnO. 

Let xzlp cos Qj then, 

cos G 1= -, and x^=zp^ cos' 9. 
P 

Now, by (270, 

cos 3 Oz=4 cos' 6—3 cos 0, or, 

4^-.3f =:cos30, 
P^ P 

.•.jp'-?/jr-:^ cos 30=0; 

making this coincide with the proposed equation, 
we shall have, 

- p*=OT, ^ cos 3 §= w, 
4 4 

c /m oo 4w_ 4n _» /27 
Hence, if we determine cos 3 9 by the equation. 
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log COS 3 fizrlog ^-i- i (log 27-3 log wi) + 10...(l.) 

and trisect it^ we shall have d : 
then to find x, we have the equation^ 

x=,p cos d = 2y/ — . cos 0, or, 

log xizlog 2+ ^ log — + log cos fl— 10 (2.) 

This is one of the roots of the cubic equation. 

But there arie two other arcs having the same co- 
sine as 3 d^ viz 2 TT +3 and 2 t— 3 0, which will 
satisfy the equation (l.)> therefore the other roots are 

2\/ — . cos , and 2 4/ — .cos . 

^3 3^3 3 

Since the cosine of an arc is always less than \, 
it is necessary^ in order that this method may suc- 
ceed^ that 

n 27 
cos 3 fl, or - \/ —5 should be less than 1. 

.'. _ . -4 is less than 1. 
4 m^ 

or, — less than — . 
4 27 
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Hence this method determines the roots of a cu- 
bic equation only when Cardan's fails ; that is^ when 
all the roots are possible. 



SECTION IX. 

ON THE CONSTRUCTION OF TEIGONO- 
METRICAL TABLES. 

(116.) To express the sine and cosine of one mi- 
nute in terms of radius 1 . 

From (23.) we have the formulee^ 



cos Azz^ ; 

let A = 30°, then 
cos 30° = .i^ = 0-8660254038 = C (suppose) 

cos ?f = v^^^ = 0-9659268263 = C, 



cos ^ = */l±^' = 0-9914448614 = C, 
2^2 



30» _ /H-C,_n.. 



cos — = v/-P^' = 0-9978589232 = C, 



PLANE AND SPHERICAL TRIGONOMETRY. 119 

COS _ = 0-9994645875 

cos ?2! = 0-9998661399 

2^ 

cos — = 0-9999665346 

2^ 

cos — = 0-9999916336 

27 

cos ?^ = 0-9999979084 

cos ?2? =0-9999994775 

2» 

cos — = 0-9999998693= C,o 

cos??! = 0-9999999673 = C., 

2" 

Now, from the formula sin A = ^Z "" ^ > 

^ 2 

we shall have^ 

sin ~ = -v/?— ^' = 0-00025566 
2 ^ 

sin ?2! = . /^""^" = 000012783 
2** ^2 

from which it appears, that of small arcs the ap- 
proximate values of the sines are halved, when the 
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arcs are bisected^ or in other words^ these values are 
proportional to the arcs ; hence, 

_^9! : 11 : : 0-00025566 : 000029088 zz sine of 
(2)" 60 

one minute ; 
also. 



cos of one minute n^l— sin* 1' = 0-999999957. 

(II7.) We may also determine the value of sin 1' 
by means of the formula in (24). 



sin A=ii{s/1 -i-sin 2 J - v^l— sin 2 A}. 
For let 2 JzzSO^ .-. sin 2 J= J, and 

QAo . 

sin -_- = J ( V I — a/ i) = ^i (suppose) 



sin ~ = ^ (^/l+'S. - •1-5.) = S, 



O 



sin ^ = J (v^l + 6', - •!-*',) = 5, 

proceeding in this manner, we shall have, by com- 
putation, 

. 300 



sin ^— = i (v'l +.5,0 - -/l-^io) 
= 0-0002556634; 
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from which we obtain, 

sin 1' = 00002908882 
and thence, cos 1' = 0-999999957. 

(118.) This method is more accurate than the 
former ; for in the equation 



A A — cos 2 >^ 
sin J =: y/ , 

I ^ 1 — cos 2 A J 

let = V, and suppose x to represent 

the error, or the value of the figures neglected; 

then, sin A-=ii/v-\-x accurately = (by developing) 

- X 
t; * + + From which it appears that the 

2 i/v 
value of the sine is liable to the error nearly, 

which, when v is small, is very considerable. It was 

owing to this that we were unable to determine the 

30® 
value of sin — j^ (in 1 16.) to the same accuracy as 

that of the cosine. 



(119.) We are now enabled to deduce the values 
of the sine' and cosine of 2', 3', 4', &c. 
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From (26.), we have, 

sin (»+l) A=:2 cos A . sin n A— sin («— 1) A ; 

suppose AzzV, and «=1, 2, 3, &c., we shall have, 
successively, 

sin 2* zz 2 cos 1' . sin 1' 

sin y = 2 cos r . sin 2' — sin 1' 

m 

sin 4' = 2 COS r . sin 3'- sin 2' 
&c. =1 &c. 

From (27. )> we have, 

COS (n + 1) A=.2 cos A , cos n ^4— cos («— 1) A ; 
let ifrzl', w=l, 2, 3, &c., successively, ' 

cos 2' =: 2 cos 1\ cos I' — 1 
cos 3' =: 2 cos 1' . cos 2' — cos 1' 
cos 4' =: 2 cos 1' . cos 3" — cos 2* 
&c. r= &c. 

Proceeding in this manner, the sines and cosines 
may be carried as far as 30^ ; after which the labour 
is, in a great measure, at an end. 

(120.) By (21.), 
sin {A + B)::z2 sin A , cos -B— sin (A-^B), 
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let ^=30° or sia Azzh and BzzY, 2', 3*, &c., 
successively^ 

sin 30o 1' zz cos 1' — sin 29^ 59', 
sin 30° 2' = cos 2' — sin 29« 58', 
&c. =z &c. 

Again, 

* 

cos (-4+J5) =: cos (-4— J5)— 2 sin J . sin J?, 
making the same substitutions as before, 

cos 30<' 1' = cos 29« 59' — sin 1', 
cos 30° 2' = cos 29<> 58^ — sin 2', 
&c. zz &c. 

Proceeding in this way to 45®, we shall h^ve ob- 
tained the values of the sines and cosines of every 
minute in the quadrant. 

(121.) There is another method of computing the 
sines. 
By (21.), 

sin (A-i-B) zz 2, sin A . cos B -- sin (A—B) 
zz 2 sin ^ (l-2 sin* ^) -sin (A-^B) 

zz 2 sin -4— sin {A-^B) — 4 sin*-, . sin A* 
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Suppose B=:y, and AzzV, 2', 3', &c., succes- 
sively, we shall have, 

sin 2' = 2 sin 1' - 4 sin* 30" . sin 1' 
sin 3' = 2 sin 2' - sin 1' - 4 sin* 30" . sin 2' 
sin 4' = 2 sin 3' - sin 2' - 4 sin* 30" . sin 3' 
&c. z= &c. 

Since 4 sin* 30" = 0-0000000846 is a commftn 
multiplier, a table of its products by the nine digits 
may be previously made, which will greatly facili- 
tate the calculation. 

(122.) Proceeding by the process here explained, 
as far as 60^, we may make use of a particular for- 
mula for the calculation of those up to 90^^ 

We have in (40.), 

sin (60+J)=sin (60-^)+sin A, 
let ^=1', 2^, 3', &c., successively, then, 

sin 600 l':=sin 59° 59' +sin 1 
sin 60O 2'=sin 59° Sff+sin 2 
&c. = &c. 

The sines being calculated, the cosines will be 
known from the formula cos Azzslnl^ — Aj. 
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(123.) In performing so many long and laborious 
operations^ errors are very liable to be made, which 
will render erroneous all the succeeding tabulated re- 
sults. It is therefore necessary at certain intervals 
to calculate their values independently of the me- 
thod used, which will serve as verifications of all 
the preceding results. The most convenient for this 
purpose is the method following. 

(124.) We have found in (104.) for sin x, the se- 
ries 

x^ _^ x' x' 



1.2.31.2.3.4.5 1.2.3.4.5.6.7 

H-&C. 

and for cos x, the series 

l-._f_+ ^ -^ ? +&c. 

1 .21.2.3.4 1 .2.3.4.5.6 

let jczz — . 5i *^®^ 
n 2 

^^17 '2""^* 2 ^' 1 .2.3^2^ 
«« 1 .2.3.4.5 ^2^ 
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^«* 1.2.3.4V2>' 

Now, (since 7r=:3 • 1415926535897932) if the 
values of 

1, J^(% —1—(Z)\ I ("^Y&c. 

2 1.2V2/ 1.2.3\2/ 1.2.3.4\2/ 

be expressed in decimals, we shall have, 

. ni «■ 
sm ^ . - zr 
n 2 

+ ^ X 1-57079 63267 948966 
n 

+ ^ X 0-07969 26262 461670 

+ — X 0-00016 04411 847874 
m 



+ _ X 0-00000 00569 217292 
4-—X 0-00000 00000 060669 
4-—X 0-00000 00000 000000 



~ ^ X • 64596 40975 062463 
-^ X 0-00468 17541 353187 
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-^ X 000000 35088 432352 

-— X 0-00000 00006 688035 

-!^ X 0-00000 00000 000438 

— ^ X 0-00000 00000 000000 



m V 

cos — . - =: 

n 2 



m* 



1-00000 00000 000000 

+ — X 0-25366 95079 010480 

4.i^ X 0-00091 92602 748394 

+ — X 0-00000 04710 874779 

+ ^ X 0-00000 00000 656596 

+'— X 0-00000 00000 000034 



^J^ X 1-23370 05501 361698 
^muL X 0-02086 34807 633530 
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m 



lo 



— X • 00002 52020 423731 



n 



m 



1% 



^'JL, X 0-00000 00063 860031 



n 



14- 



m 



18 



— ll-„ X 0-00000 00000 005294 



n 



IS 



m 
n 



x% 



x% 



X 0-00000 00000 000000 



If we assume mzzl and n=5400> we shall obtain 
the sine and cosine of one minute true to fifteen de- 
cimals^ by using only two terms of each series. And 
by giving to m and n the proper values, we may cal- 
culate the sines and cosines of arcs at convenient in- 
tervals. If these are found to agree with the cor- 
responding results obtained by the continuous pro- 
cess, it is scarcely possible to have a better verifi- 
cation. 



(125.) The tangents are immediately drawn from 

These being calcu*> 



the relation^ tan A zz 



sin A 



cos A 
lated up to 45°, the formula 

tan (459 + J) =2 tan 2J+tan (45°— yi) 

enables us to obtain those up to 90° with great fa- 
cility : thus, making A successivelyzil®, 2°, 3°, &c.. 
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tan 46<>:=2 tan 2<'+tan 44<' 
tan 47o=:2 tan 4°+ tan 43'> 
tan 48<>^2 tan G'^-f tan 42o 

Hence tHe tangents and cotangents are known. 



(126.) The secants are calculated from the for- 
mula 

tan ^+cot Az=:2 cosec 2 A*. 

This gives the secants or cosecants only for every 
second division : the intermediate ones may be ob- 
tained from the relation 

sec ^ = J, or cosec ^=-r 



cos A sin A 

(127*) Thus the table of natural sines^ tangents^ 
and secants^ is completed. The logarithmic table of 
sines^ &c., may be formed by taking from the table 



* The truth of this is readily shewn, thus : 



tan ^+cot A= «Li<+S^_ ! 

COS A * " ^ ^ "-' 

:z2cfxec2A, 



cos A iia A sin ^ . cos ^ 2 sin A, cos A 
2 



'sin 2 A 
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of logarithms^ the logarithms of these numbers^ and 
Cagnoli and others hare thought this^ upon the 
whole^ the best method. They may^ however^ be 
calculated independently of the natural sines and 
of logarithmic tables^ and therefore free from all er- 
rors of previous computations ; but as this depends 
upon reasoning totally unsuitable to an elementary 
work like the present^ it would be foreign to our pur- 
pose to treat of it here (^. 



ELEMENTS OF ASTRONOMY. 



SECTION X. 

DOCTRINE OF THE SPHERE. 

(128.) If, on a clear night *, in a place where the 
view of the horizon is uninterrupted^ the heavens be 
attentively observed^ it will be seen that changes are 
continually taking place. Some stars rise above the 
horizon towards the east^ some disappear towards 
the west^ and others never reach the horizon at all ; 
whilst their relative position is constantly the same. 
Towards morning they become fainter^ and at last 
disappear on the approach of the sun ; their light 
being overpowered by the more vivid rays of this 
luminary. Other stars^ though invisible to the naked 
eye^ are perpetually rising and setting during the 
day. Thus all the heavenly bodies appear to de- 
scribe circles about an imaginary axis^ called from 
this circumstance the axis of the worlds the extre- 



• Vide System of the World, by Laplace. 

k2 
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mities of this axis being denominated the poles of 
the world. This appearance is caused by the rota- 
tion of the earth on an axis from west to east ; hence 
every point of the heavens will seem to describe 
from east to west great or small circles^ the centres 
of which are situated in the axis of the world. The 
pole elevated above the horizon in our climate^ is 
called the north pole, and that depressed below the 
horizon, the south pole. The axis of the world co- 
inciding with the axis of the earth, passes through 
its north and south poles. The great circle perpen- 
dicular to the axis of the world, is called the celes^ 
tial equator, the plane of which coincides with that 
of the terrestrial equator. The small circles parallel 
to the equator are called parallel circles. 

(129.) The zenith is the point in which a vertical 
to the surface of the earth at the place of the ob- 
server meets the celestial sphere : the opposite point 
is called the nadir. 

(130.) The meridian is the great circle which 
passes through the zenith and poles ; it divides into 
two equal parts the arcs described by the heavenly 
bodies above the horizon ; so that when they are 
upon this circle they are at their greatest or least 
altitude. 
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(131.) The horizon is the great circle perpendi- 
cular to th^ yertical^ or parallel to the surface of 
stagnant water at the place of the observer^ which 
surface is called the sensible or artificial horizon. 

(132.) The great circle which passes through the 
zenith perpendicular to the meridian^ is called the 
prime vertical: it cuts the horizon in the east and 
west points. 

(133.) Great circles passing through the poles are 
called hour circles ; and that hour circle which is 
perpendicular to the meridian is called the six o'clock 
hour circle, 

(134.) The ecliptic is the great circle which the 
sun describes in its apparent annual motion round 
the earth. It intersects the equator in two points^ 
called the vernal and autumnal equinoxes ; because 
when the sun is in these points^ the days and nights 
are equal in all parts of the earth. 

(135.) The spherical angle made by the inter* 
section of these two circles^ or the inclination of 
their planes^ is called the obliquity of the ecliptic* 

(136.) A great circle passing through the sun and 
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the -poles, will intersect the equator in a point which 
represents the place of the sun referred to the equa- 
tor. The arc of the equator intercepted between 
this point and the vernal equinox^ is called the sun's 
right ascension. The arc of the ecliptic intercepted 
between the sun and the same equinox^ is denomi- 
nated the sun's longitude. And the arc of the great 
circle intercepted between the sun and its place re- 
ferred to the equator^ is called the sun's declination^ 

(137*) The longitude and right ascension are 
measured in the direction of the proper motion of 
the sun. When the sun is in that part of the ecliptic 
which is towards the north pole, the declination is 
called north, and when in that part which is towards 
the south pole, the declination is south. 

(138.) Th*e variety of seasons is caused by the in- 
clination of the equator to the ecliptic. When the 
sun, in his annual progress, arrives at the equator, 
he describes in his diurnal motion, this great circle, 
very nearly, which being divided into two equal 
parts by all the horizons, the day is equal to the 
night in every part of the earth. As the sun, after 
leaving the vernal equinox advances in his orbit to- 
wards the north, his meridian altitudes above our 
horizon increase, the visible arc of the parallels 
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which he describes every day^ continually increases^ 
and this augments the length of the day^ till the 
sun has attained his greatest declination. At this 
^time^ the days are the longest in the year; and be« 
cause the motion of the sun is then perpendicular to 
the meridian^ the variation in his meridian altitudes 
is insensible for several days together^ and the sun 
appears stationary ; hence this point has been term- 
ed the summer tcistice, and the parallel described by 
the sun on that day^ the summer tropic. The sun 
then descends towards the equator^ which he crosses 
at the autumnal equinox^ and thence he arrives at 
die greatest southern declination^ or winter solstice : 
his meridian altitude is then the leasts the parallel 
described by the sun is the winter tropic, and the 
corresponding day^ the shortest in the year. Having 
attained this term^ the sun again ascends and returns 
to the equinox of spring to recommence the same 
route. The equinoxes take place about the 21st of 
March and the 23rd of September. The solstices 
about the 21st of June and the 22nd of December. 
These epochs are^ respectively^ the commencement of 
Spring and Autumn, Summer and Winter. 

(139.) Let C (fig. 27.) represent the position of 
the earth, P S the axis of the worlds and P E S Q 
the meridian of a spectator situated upon the earth 
at b. Since the prime vertical^ equator^ horizon 
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and the six o'clock hour circle are all perpendicular 
to the meridian^ if we project these circles upon the 
plane of the meridian, they will be represented by 
the right lines Z N, EQ,H R and P S, respectively.. 
Now^ if we consider the magAitude of the celestial 
sphere^ embracing the visible fitted 8tars> we may 
reasonably be allowed to represent the earth by a 
point at C, and> in further inquiries on this subject^ 
may altogether leave its magnitude oiit of consider- 
ation : the relative position of the 8pectat(»r being 
known from those of zenith and pole of the world. 

(140.) When the sun is in the equator^ he will^ 
by the diurnal motion^ describe this circle (neglect- 
ing his change in declination). Hence^ if figure 
27^ represent the eastern hemisphere^ at midnight 
the sun will be at Q; at six o'clock he will rise 
above the horizon in the east at C; and at noon will 
have attained the meridian at E» He then descends 
in, the western hemisphere^ and sets in the west 
point of the horizon. If the sun be on the north 
side of the equator *, or the declination be norths he 
will describe a small circle^ which b^g projected 
upon the plane of the meridian^ may be represented 
by the arc m n. After leaving the position^ m, at 
midnight^ he will rise at p, at six o'clock will be at 



lAaAi^rfai^ 



* Suppose in the ecliptic at a. 



r- 
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q, and then crossing the prime vertical at r, will 
ascend to the meridian at n. Wlien the declination 
is souths the sun will traverse the prime vertical and 
six o'clock hour circle before he rises. This position 
of the sphere is called an oblique sphere, 

(141.) If the situation of the observer be ncnth 
of the equator^ and sudi that the co-altitude of the 
p<de be less than the declination^ the sun will not 
descend below the horizon^ Dor ascend above it, ac- 
cording as the declination is north or south. And 
undet the pole^ the horizon coinciding with the equa- 
tor^ the sun will be perpetually visible and invisible^ 
alternately^ for half a year ; such a position of the 
sphere is denominated a parallel sphere, 

(142.) To an observer at the equator, the poles 
being in the horizon, all the stars rise and set per- 
pendicular to this circle ; the day is constantly eqUal 
to the night, and at the equinoxes, the sun passes 
through the zenith at mid*day. The position is 
called a right sphere* 

(143.) Having explained what is called the </oc- 
trine of the sphere, we shall proceed to the solution 
of astronomical problems. 
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SECTION XI. 

ASTRONOMICAL PROBLEMS. 

(144.) Problem I. To find the obliquity of the 
ecliptic. 

Let E Q {^g. 27*) represent the equator^ and Ws 
the ecliptic*; then at the solstices the sun's decli- 
nation is the measure of the obliquity : suppose the 
sun at these times to describe the parallels sS'ftv W; 
then the meridian altitudes are H 1^, HW; hence 

E S* = — — . — ; that is, the inclination of the 

equator to the ecliptic is equal to half the difference 
of the meridian altitudes of the sun at the summer 
and winter solstices. 

(145.) From the earliest observations, it appears 
that this angle has been diminishing. The follow- 
ing table, given by Laplace, clearly points out the 
successive diminution in an interval of 2900 years. 



* Projected upon the plane of the meridian when the eqai< 
nozes are in the horizon. 
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Tcheou King .... b.c. 1100 ... 23'* 54' 2" 

Pythias 350 ...23 49 20 

Ebn Junis a.d. 1000 ... 23 34 26 

GocheouKing 1280 ... 23 32 2 

UlugBeigh 1437 ...23 31 48 

In the year 1801 ...23 27 57 

The mean obliquity, Jan. 1, 1832, was 23^ 27' 
41" * 73, and it is diminishing at the rate of about 
0" • 48 * annually. The profound investigations of 
Laplace in the Celestial Mechanics, have shewn that 
this diminution has a limit, and that the whole 
amount of variation is about 2° 40". 

(146.) This phenomenon is connected in its cause 
with another, which is known by the term precession 
of the equinoxes. It is found that the sun returns 
to the equinoxes in less time than it returns to the 
same fixed star, or to the same point in the heavens ; 
the equinoxes have, therefore, a retrograde motion 
with respect to that of the sun. The effect of this 
is, that the longitude t of the stars, which is esti- 
mated from the vernal equinox, constantly increases ; 
and by comparing the longitude of the same stars. 



• Con. des Temps. 1833. 
t Vide (163.) 
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determined at distant inte]Tals> the mean annual 
motion of these points, or the precession of the equi- 
noxes> is found to be about 5ff' • 1 . 

(147«) Problem II. Given the sun's longitude, 
and the obliquity of the ecliptic to find the right 
ascension and declination. 

Suppose E (fig. 28.) to represent the position of 
the earth, A the vernal equinox, ACL the equator, 
ABL the ecliptic, P the north pole, and B the 
place of the sun. Draw the great circle P B C, in- 
tersecting the equator in C : then A B is the sun's 
longitude, A C the right ascension, B C the decli- 
nation, and the angle A the obliquity of the ecliptic 
(135.) (136.) 

In the triangle ABC, right angled at C, we 
have, 

. , cos A r| V 

tan6z= (1.) 

cot c 
sin a=zsin A . sin c (2.) 

These equations, owing to the unrestricted defi- 
nition of a spherical triangle, are general, whatever 
be the magnitude of c, the sun's longitude. 

1®. When c = y cot c=:0 . • . tan 6= oo, or b =?• 
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Also^ 

sin azz&in A, ot azzA. 

This corresponds to the summer solstice. 

2^, When czizv, cot en oo, and sin cnO, 

.*. tan b^O or bzinr. 
And^ 

sin a^.0, or a=:0^ 

corresponding to the autumnal equinox. 

3°. If c s: — , cot czzO, and sin en— 1. 
2 

. ' . tan bzzco ^ or 6 n -— and sin an— sin A, 

shewing that the declination is souths and cor- 
responding to the winter solstice. 

4^ When cn2 it, 6n2 tt and anO, 

as they ought to be at the vernal equinox. The lon- 
gitude at this instant commences again. 

It is more convenient^ however^ in solviug this 
problem^ to apply the equations (1.), (2.) to the tri- 
angles, ABCyLBC, LB C and ^4 F C, accord- 
ing as the longitude is less than -, it, -^ and 2 it 

respectively. 



142 ELEMENTS OF A8TR0N0MT. 

By this problem^ the columns of the sun's right 
ascension* (A.R) and declination (Dec.) in the 



* Right ascension being generally giren in tkne^ we shall 
shew in this place, how degrees, &c., are converted into .time, 
and the contrary. 

As 15° are equivalent to one hour 

r is 4°" minutes of time 

1' • . • 4' seconds 

1" 4'*^ thirds. 

If then the seconds of space be multiplied by 4 the result 
will be thirds of time. Similarly the minutes produce seconds, 
and the degrees, mimUes of time. 

Let it be required to convert 23"* 26' 11'^ into time : the 
operation will stand thus : — 

23" 26' 11" 
4 

Ih 33" 44. 44th. 

To convert time into degrees, &c, we have only to mul- 
tiply by 16. 
Convert l^ 38" 44* 44**^ into degrees. 

1*^ 33" 44* 44'«» 
10 

15 37 27 20 
one half 7 48 43 40 

23^26' ir' corresponding time. 



r 
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Nautical Almanac are calculated. In order to make 
the results agree with observation^ the apparent, or 
true obliquity must be obtained. The true obli- 
quity is that which results from taking into account 
the precession of the equinoxes combined with other 
perturbating forces : it is given in the Almanac for 
every three months^ and for any intermediate day^ it 
is obtained by interpolating. In the Almanacs for 
1834 and succeeding years, it will be given for every 
ten days. The true obliquity of the ecliptic for 
Jan. 1, 1832, was 23° 27 34" • 6. 

Example I. At apparent noon at Greenwich, 
Aug. 1, 1832, 

0's long.=4« 9° ST- sTtrue obliq.z=23° 27 36". 

Required the right ascension, and declination. 
Answer, A.n=z8^ 46^ 21" • 9 ; Dec. =1 7" 58* 5r n. 

Example II. At noon, Jan. 18, 1833, 
©'s long.=:9« 28° 14' 51", obliq.=:23o 27 36" • 8. 

Required the right ascension and declination. 
Answer, A.R=20»^ 1» 25» • 6; Dec.=20o31' 49" s. 
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Example III. At noon, June 10, 1833. 

O's long.=:2« 19° 17 H", obliq.=23'' 27' 38". 

Required the right ascension and declination. 
Answer, A.R=5»» 13" 23» ; Dec. =23° 1' 40" n. 

Example IV. At noon, Dec. 31, 1833. 

0's long.=9« 9° 39' 26" ; Dec.=23° & 33" s. 

Required the true obliquity and right ascension. 
Answer, A.Rz=18J* 42» 21« ; obliq.=23^ 27 40". 

(148.) Problem III. To 6nd the altitude of the 
pole above the horizon. 

Let the greatest and least altitudes of a star, 
which does not set, be observed ; if these he Rx^ 
Ry (fig. 27.) we shall have, 

^ 2 

(149.) Definition : The latitude of a place upon 
the earth is its angular distance from the equator ; 
or it may otherwise be defined to be, the arc of the 
meridian intercepted between the equator and the 
zenith of the observer. 
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(150.) Hence the altitude of the pole is equal to 
the latitude. For ZP-^-P R (^g. 270 = 9^ 

.•.P22=jE:Z=latitude. 

(151.) Problem IV, Given the true meridian 
altitude of the sun's centre *> and the declination^ to 
find the latitude. 

Let n (fig. 27.) be the place of the sun when on 
the meridian (the declination being north), then 
Hn is the meridian filtitude^ aad 90^— HnzzZn 
the zenith distance : if to this we add E n the de- 
clination^ we have Z E the latitude. 

When the declination is souths the method is si- 
milar and equally easy. 

(152.) Problem V. Given the sun's altitude^ the 
declination, and the hour of the day^ to determine the 
latitude. 

In the spherical triangle Z P O {fig* 27.) where 
Z is the zenith, P the pole, and the place of the 

* This is also to be understood in all the succeeding pro- 
blems : the altitudes of the heavenly bodies being given, cor- 
rected of all the irregularities with which they are entangled 
in practice, before they are submitted to calculation. 

L 
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sun^ we have given Z the complement of the al- 
titude> or zenith distance, P © the complement of 
the declination^ when north (or 90°+ declination 
when south)^ the polar distance, and the angle ZPO 
the horary- angle from noon^ to find Z P the comple- 
ment of the latitude. 

(153.) Problem VI. Given two altitudes of the 
sun^ the declination at each altitude^ and the inter- 
val of time between the observations^ to find the la^ 
titude. 

Let Z (fig. 29.) represent the zenith, P the pole, 
and A, B, the places of the sun at the times of ob- 
servation. 

In the triangle ABP, the two sides P B, P A 
are known, and the angle APB (corresponding to 
the interval of time), to find the angle P AB, and 
the side A B. In the triangle ABZ the three sides 
are given to find the angle BAZ: then the angle 
ZAP will be known. Lastly, in the triangle A Z P, 
the two sides A Z and A P and the included angle 
are known, to find the third side Z P the co-lati- 
tude. 

(154.) Problem VII. Given the altitudes of two 
fixed stars observed at the same time, their polar 
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distances and their difference of right ascension *, to 
find the latitude. 

The solution of this problem depends upon prin- 
ciples precisely similar to those of the last ; the dif- 
ference of right ascension corresponding to the in- 
terval of time. 



EXAMPLES. 

1. At sea on the 5th of Dec. 1823^ the declina- 
tion being 22^ l& 14" souths the sun's meridian al- 
titude was found to be 25^ 38" 30"; what was the 
latitude of the ship ? 

Answer, 42o 3' 16" north. 

2. Suppose two altitudes of the sun to be 16^ 5' 
4T and 42° 14' &', the corresponding declinations 
&^ }& and 8^ 15' north, and the interval of time 
three hours ; to determine the latitude. 

^ Answer, 48* 5ff. 

3. Let the corrected zenith distance of Capella be 
29' 14' 24" =Z A (fig. 29.), and that of Sirius be 
72** 5' ^'=^ZB. The polar distance of Capella 
P A=W IV 39", that of Sirius P J5=106° 28' 40", 



Vid. (163.) 

l2 
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an4 the difference of their right ascensions 1^ 33^ 
45*, otAP J5=i23« 26' 11". Requured the latitude. 

Answer, 53« 19' 22". 

(155.) Problem VIII. Given the latitude of the 
place, the sun's altitude and declination, to find the 
hour. 

In the spherical triangle Z P Q (^g. 27.) the 
three sides are given to find the angle ZP Q, which 
corr«sponds to the time from apparent noon. 

Example. Suppose the latitude to be 34^ 55', the 
sun's altitude 36^ 59^ 39", and the declination 
22^ 22 57" N., to determine the time. 

Answer, 3^ 58°* 22» from apparent noon *. 

(156.) Problem IX. Given the latitude of the 
place (Z), and the sun's declination . (d) to find the 
time when the sun rises. 

Let the declination be north, and A (fig. 30.) the 
position of the sun on the horizon at the time re- 
quired. Draw the hour circle, PAB, intersecting 
the equator in B: then in the spherical triangle 
ABC, right angled at B, we have given A J5d de- 
clination, and the angle A C J?i=co-latitude, to find 



Vid. (1^7.) 



ASTRONOMICAL PROBLEMS. 149 

the side B C, the measure of the angle CPB, 
which corresponds to the time before six o'clock. 
By Napier's rules> we have 

sin B C=cot ACB .tAxiAB 
=tan / . tan d. 

If the declination be souths let j^ be the sun's 
position when rising ; then in triangle A^ Ef C we 
shall likewise have^ 

sin H Czitan / . tan d. 

Hence the interval of time between sun-rising 
and six o'clock becomes known. 

The same formula may be found from the sola* 
tion of the quadrantal triangle A P Z, or A' P Z, 

By (88.) we have, 

M n fj COS 90°— COS P A . COS P Z 

COS A IT /i.m~^^  , —   

sin P^. sin PZ 
=— cot P^ .cot PZ; 

but, cos ^ P Z=sin(5-^ P z)=sin-..4 P Czz-- 
AnAPC (9.) 
also, 

cot P ^=:tan d, and cot P Zrrtan U 
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. * . sin ^ P C=tan d . tan /. 

If h denotes the horary angle from noon when the 
sun is rising or settings we have^ 

cos Azztan / . tan d; 

when the latitude and declination are of the same 
denomination^ cos A ist n^ative^ or A is greater than 
90^ •*. the day is greater than the night; when / or 
d, or both, vanish, hzi90^, therefore the day is al- 
ways equal to the night ; and when 1;an /zzcot d, or 
/=90°— (^, A=0, hence the sun does not set. 

Example I. At what time on the longest day in 
1832 did the sun rise at London, in latitude 51^ 32'? 

tan 5P 32^, log 10 • 0999135 

tan 23° 27' 36" 9 • 0374721 

sin 33^0' 35" 9-7373866 

This converted into time shews that the sun rose 
2^ 12°» 26» before six o'clock. 

Example II. When did the sun rise at Edin« 
burgh, in latitude 55o 56" 42" n., on the 1st of De- 
cember, 1832, the declination being 21^ 52" 24" 
south? 

Answer, 2*^ 25"* 45* after six o'clock. 
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Example III. What diminution has the length 
of the longest day undergone in the latitude of 
London since the year a.d. 1000 ? 

Answer, 1°» 38«. 

(157*) Problem X. Given the latitude {N), and 
the sun's declination (N), to find the altitude of the 
sun at six o'clock. 

In the right angled triangle Z P © *, of which 
the angular points are the zenith, pole, and sun, we 
have given Z P, the co-latitude, P the co-declina- 
tion, to find Z 0> the co-altitude. 

Hence, 

cos Z ©=co8 Z P . cos P 0, 
or, 

sin altitude izsin / . sin d. 

Example. At Vienna, in latitude 48° 12^ 40" n. 
what was the sun's altitude at six o'clock on the 4th 
of April, 1832 ; the decHnation being S" 48' 27" n. 

Answer, 4"* 19' 36". 



* To this problem and the two following ones, figures, if 
iMceasary, may readily be supplied. 
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(158.) Problem XI. Given the same as in the 
last^ to find the altitude of the sun when due east, 
and the hour. 

When the sun is in the east, he is upon the prime 
vertical. In the triangle Z P O, right angled at Z, 
we have Z P, P Q given to find Z the co-altitude, 
and ZP Q the horary angle. Hence, 

cos P © =cos Z P . cos Z 0. 

sin d 



.'• sin altitude = 

sin / 



Also, 



cos Z P ©=tan Z P . cot P ©, 

or, cos A=icot / • tan d. 

If the latitude and declination be of different de- 
nominations, altitude must be changed to depression ; 
and cos h will be negative^ or h must be taken 
greater than 90^. 

Example I. At Greenwich, in latitude 51° 28^ 
40" N., on the 4th of April, 1832, the declination 
being 5° 48^ 27" n. ; required the altitude of the 
sun when due east, and the hour. 

Altitude=:7° 25' 52". 

Time=18°^ 35* after six o'clock. 
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Example II. At what hour (Greenwich time) 
on the 29th of May^ 1833^ the declination being 
21® 37 36" N., will the sun be due west at the Cape 
of Grood Hope^ in latitude 33° 55' 43f' a., longitude 
10° 23' E. ; and what will be the sun's depression at 
that time ? 
Time=7^ 43°» 57» p.m. Depression =41° 19' 25". 

The above declination corresponds to the time of 
apparent noon at the Cape. 

(159.) Definitions : The azimuth of a heayenly 
body is the angle at the zenith formed by the meri« 
dian and the vertical circle passing through the 
body. 

The amplitude is the angle at the zenith formed 
by the prime vertical^ and the same vertical circle. 

(160.) Problem XII. Given the latitude^ the 
sun's declination and altitude^ to find the sun's azi- 
muth. 

In the spherical Z P Q, the three sides are given 
to find the angle Z, the azimuth ^roTTt the north. 

Example. Suppose the altitude of the sun at 
Greenwich should be observed to be 18° 44' on Nov. 
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16, 1833, what will be its azimuth ; the dedination 
for that day being 18^ 4ff 23" s. ? 



90" 


90» 


51 28 40 


18 44 


Z P=38 31 20 


Z©=71 16 


90° 




18 46 23 



P0=:1O8 46 23 

Calling the above three sides, a, b, c, respectively, 
we shall obtain the azimuth by computing the for- 
mula. 



. C ysin iS— a . sin S—b 
2 sin a • sm 6 

a = 38* 31' 20" 
6 = 71 16 00 
c =108 46 23 



2)218 33 43 



«=109 16 51-6 
sin... 38 31 20 co ar 0-2056388 



S^azz 70 45 31 • 5 log sin... 9 • 9750361 
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109»16'5r'-5 
sin... 71 16 coar 0- 0236392 



5-6=38 51-5 log sin... 9-7894807 



2)19-9937948 
^=83o 9^34" log sin... 9-9968974 



C=166 19 8 = PZ 
which is the azimuth from the north. 

(161.) Def. Twilight is that faint light which 
appears in the horizon before the sun rises and after 
he sets. It is generally supposed to begin in the 
mornings and end in the evenings when the sun is 
18 degrees below the horizon. 

(162.) Problem XIII. Given the latitude and 
the sun's declination, to determine the time when 
the twilight begins and ends. 

In the spherical triangle ZP O (fig. 31.) we have 
given Z Pzz co-latitude^ P © = co-declination when 
north (or =90® + declination when south) and Z 
= 108% to find the angle Z P O, the horary angle. 

Example. At London^ in latitude 51° 32^, when 
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the sun's declination is 11^ 46' s.^ at what time did 
the twilight begin ? 

Answer 3°* 12* after fi^e o'^ock. 

(163.) Problem XIV. To find the time when 
the apparent diurnal motion of a star is perpen- 
dicular to the horizon. 

Let X y (fig. 31 .) be the parallel described by the 
star^ and suppose the vertical circle Z A to be drawn 
touching it 9X Si now when the star arrives at this 
pointy its motion is perpendicular to the horizon^ 
being at that instant in the direction of the vertical 
Z h. Join P S, then Z S P is a right angle^ and 
hence we have^ 

cos Z P iS'=cot ZP . tan P i^. 

zztan / . tan polar dist. of star. 

Now the time when the star is upon the meri- 
dian^ being supposed to be known^ the angle ZP S 
converted into time shews the interval to that time. 

(164.) Definitions. Let S (fig. 32.) represent the 
position of a star^ A Q the equator^ and A L the eclip- 
tic ; draw the great circles S B, SC, perpendicular 
to AQ,A L, intersecting them respectively in J5, C; 
then ^ ^ is called the right ascension of the star, 
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S B its declination, A C the star's longitude, and 
S C its latitude. 



(165.) Problem XV. Given the right ascension 
and declination of a heavenly body^ and the ob- 
liquity of the ecliptic^ to find the latitude and lon- 
gitude. 

Referring to figure 32^ draw the great circle A S; 
then in the right angled spherical triangle A S B, 
we have^ 

tan^^g = ^?"^f (1.) 

hence the angle SAB becomes known^ consequently 
also the angle SAC, 

Again, 

cos ^ iy=cos ^ J5 . cos SB (2.) 

,'. A Sis given. 

Hence, in the triangle SAC right angled at C, 
we have, 

^^^, cosiy^c ^3, 

cot^iS" ^ ^ 

sin S C=sin ^ i^. sin SA C (4.) 

therefore A C the longitude^ and S C the latitude of 
the body become known. 



L- 
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Example. The right ascension of the fixed star 
Aldebaran^ at midnight (Greenwich time) on Feb. 
10th, 1834, = 66o35'55''-l, its declination = 16^ 
1(K 6'' • 2 N., and the obliquity of the ecliptic =23^ 
27^ 4(y\ Required the latitude and longitude of 
the star. 

Here, AB=zm^35' 55'' • 1, SBzzie^ W 6" • 2, 
and B A C=23° 27 40". 

By equation (1 .) we have, 

tan SABzz-, — -- 
sm An 

lO + logtanieolO' 6" -2 19-4622912 

logsin 66o35'55"-l 9-9627221 

logtan SAB 9-4995691 

.-. 5.^^=17° 31' 55", and 

.* . the star iS^is situated between the ecliptic and the 
equator, or in south latitude ; hence the angle SAC 
=5° 55' 45". 

Also, equ. (2.), 

cos A S:zicos A B • cos S B. 

log cos 66o 35' 55" • 1... 9 • 5989761 
Iogcosl6ol0' 6" -2... 9-9824736 

log cos J iS 9-5814497 

.'.A S=z67^ 34' 33". 
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Again^ by equ, (3.);, (4.) 

tan A Czztau AS .cosSAC 
sin S Czzsin A S . sin S A C. 

log tan 67« 34' 33" 10 • 3844036 

log cos 50 55' 45" 9 • 9976705 

log tan ^ C 10-3820741 

.'.A C=67<> 28' 2" the *'8 longitude. 

log sin 670 34' 33" 9 • 9658530 

log sin 50 65' 45" 9 • 0140956 

logsinS'C 8-9799486 

Hence^ S CzzS"" 28^ 46"= the *'s latitude south. 

The right ascensions and declinations of the stars 
are ascertained by observation^ and hence the tables 
of the latitudes and longitudes have been computed. 

(166.) As the obliquity of the ecliptic and the 
position of the vernal equinox are subject to con- 
tinual change^ the right ascensions^ declinations^ 
and longitudes of all the fixed stars are perpetually 
varying^ principally from these causes. The lon- 
gitude increases by a quantity nearly equal to the 
annual precession of the equinoxes; but. the varia- 
tions of the right ascensions^ and declinations^ owin^ 
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to the combined influence of several elements^ are not 
altogether uniform ; same stars which had once north 
declination have now south declination^ andmce versd. 
The latitudes also> have a small annual variation. 

(167.) The time which has been used in the pre- 
ceding problems is apparent time, and not that which 
is shewn by a dock or chronometer. It may^ perhaps^ 
be proper in this place^ to explain the difference. A 
solar day is the interval of time between two suc- 
cessive noons ; it is greater than a revolution of the 
heavens^ which constitutes a sidereal day ; for if we 
imagine the sun and a star to pass the meridian at 
the same instant^ the next day the sun will pass 
latevy in consequence of his proper motion^ from 
west to east. The solar days are not equals owing 
to the obliquity of the ecliptic^ and the unequal mo- 
tion of the sun in the ecliptic. Hence we obtain 
the idea of a mean solar day : — the year being sup- 
posed to be divided into as many mean solar days as 
there are real days. The time measured by a dock 
so adjusted^ is denominated mean or true time. The 
time shown by the sun is called apparent time; this 
is that which is used in the Nautical Almanac^ and 
the difference between these is called the equation of 
time. The equation of time is given in the Almanac 
for every day in the year. 
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(168.) We have also supposed the heavenly bo- 
dies to rise and set when they are in the rational 
horizon ; but they are really visible when they are 
33' below it ; this effect^ which is called refraction, 
diminishes from the horizon to the zenith^ where it 
vanishes : it is the principal correction to be applied 
to the apparent places of the fixed stars. But for 
the heavenly bodies in our system^ another correc- 
tion called parallax, must be taken into account, to 
make their calculated places correspond with obser- 
vation. A popular illustration of this subject may 
be obtained by considering the difference of situation 
in a body supposed to be viewed from the surface 
and from the centre of the earth. This last posi- 
tion alone is the real place of the body with respect 
to that of our planet (e). 

(169.) Problem XVI. Given the right ascensions 
and declinations of two heavenly bodies, or their 
latitudes and longitudes, to find their distance asun- 
der. 

£xample I. At apparent noon at Greenwich, 
Sept. 1st, 1831, the sun's longitude was 158° 15' 16", 
that of the moon 95° 25' 43", and the moon's lati- 
tude 3° 48' 42" south ; required their true distance. 

In the spherical triangle ABC, (fig. 34.) let A 

M 
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represent the place of the sun^ B that of the moon^ 
and C the pole of the ecliptic ; then we have given 
the side a=:93o 48' 42", the side 6=:90o, and the 
included angle C, the difference of longitude, ii: 
62° 49* 33", to determine the side c, the required 
distance. 

For this purpose we have the equation, 

ri COS c — cos a . cos h 

cos C= ; p— — ; 

sm a . sin 6 

but, 

cos 6=:0, sin 6=1 ; 

>-, cos c 
.*. cos Ciz , 

sin a 
or, cos c=:sin a . cos C. 

sin 930 48* 42", log 9 • 9990382 

cos 62049' 33" 9-6596280 

cose 9-6586662 

.-. c=62o53'27'-2. 

Example II. Required the distance between the 
fixed stars Aldebaran, and a, Lyrse, the right ascension 
of the former being 4^ 26°^ 21^ and its declination 
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16^ 10" N.^ the right ascension of the latter being 
18h 31°^ 17», and its declination 38° 37' 59" n. 

In the spherical triangle ABC (fig. 35. )> in 
which C represents the pole of the equator^ A the 
position of Aldebaran, and B that of a Lyrse ; we 
have given the sides a and b, the north polar dis- 
tances of the two stars> and the included angle 
C=148° 46^ ; to find the opposite side c, the dis- 
tance between the two stars. 

To obtain this directly^ either of the formulse in 
(91.) or (92.) may be used^ but as the solution by 
the latter will give rise to some observations which 
may be useful to the student^ we shall employ it. 

We have, 

ri ^' i COS b . COS (a — 0) 
tan ^=C08 C • tan b, cos czz ^ \ 

COS ^ 

which are thus computed, 

COS 148° 46', log 9 • 9319980 

tan 51° 22^ 1" 10 • 0973257 

tan (p 10 • 0293237 

The number corresponding to this logarithmic 
tangent, is 46° 55' 58" ; but since cos C is negative, 
we must consider tan p negative, and therefore we 
may take for the value of (p, either — 46° 5^' 58", or 

m2 
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133«> ^ 2" (9.) or (13.), the sdution on cither hy- 
pothesis being the same* 

Adopting the latter value we have (a — ^) = 
— 59° 14' 2" ; and we finish the computation as fol- 
lows: 

cos 590 14' 2", log. 9-7088751 

cos 51° 22' 1" 9 • 7954145 

19-5042896 
cos 1330 4' 2" 9 • 8343291 

cose 9 •6099605 

Now since cos ^ is negative^ cos c is also nega- 
tive ; therefore the number answering to this loga- 
rithmic cosine must be the supplement of that in 
the tables ; hence we have for the value of c 

the arc 117** 53' 5". 

By this problem the lunar distances in the Nau- 
tical Almanac are calculated. The right ascension 
and declination of the moon being obtained from the 
lunar tables^ and those of the nine fixed stars> viz. 
a Arietis> Aldebaran^ Pollux^ Regulus^ Spica n^, 
Antares^ a Aquilse^ Fomalhaut^ and a Fegasi, 
whose situations are convenient to show the rapid 
motion of the moon^ are determined by observation 
with more than ordinary care, the annual variations 
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being continually applied. The moon's distance 
from the sun is obtained by the solution of a qua- 
rantal triangle; the data may be seen in Ex- 
ample I. 

This is one of the most useful and celebrated pro- 
blems in Astronomy. We shall give a few ex- 
amples adapted to the year 1834. 



LUNAR DISTANCES. 

1. Aldebaran. Feb. 10th, 1834 Midnight*. 
^ 's A.R=66o 35' 55"-l ^ 's a.r=349<» 56^ 21" 
Dec.=16o Iff 6^'- 2 n, Dec.=9« 37 34" • 8 s. 

True di8tance=8(>> & ff"'5. 

2. Regulus. Feb. 20th, 1834. Midnight. 
*'s A.B=149o 53' I" • 6 D 's A.R=n4o 1& 40"-5 
Dec.=12o 46' 30" • 1 n. Dec.=23o Iff 12" ^n. 

Di8tance=35o 19' 2"-5. 

3. a Aquilffi. July 16th, 1834. Midnight. 

^ 's A.Bzi295° 40^ 42" • 5 D 's a.r=245o 7 56" -9 
Dec.=8o 26^ 12" • 4 n. Dec.=19« 41' 9"-9 s. 

Distance=57** 9' 5"-7. 

* Apparent time at Greenwich. 
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4. a Arietis. Oct. lOth^ 1834. Midnight. 

3|c 's A.R=29« 28^ 5' • 2 , ]) 's a.r=306° 8' 59" • 3 

Dec.=22o 40' 4r-3 n. Dec.=22o53' 3r-98. 

Distancei=92o 55' 42"-6. 

5. Pollux. Oct. 22nd, 1834. Midnight. 

^ 's A.R=zll3o 47 39"7 D '8 A.R=87° 2a 26"- 2 
Dec.=28o 25' 9"-9 n. Dec. =24o 15' 14"-7 n. 

Distancez=24« T 14''-1. 

6. Antares. Dec. 22nd, 1834. Midnight. 

:|c 's A.Rzi244« 48' 47' • 6 D 's a.r= lye** 23' 50" • 1 
Dec. =26° 3' 21" s. Dec. =70 16* 37' n. 

Distance=74° 12' 21"-a 
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SECTION XII. 

ON THE LONGITUDE. 

. (170-) Longitude of a place upon the earth may 
be defined to be the angle at the pole formed hy the 
meridian of the place and the Jtrst meridian. This 
angle is measured by the corresponding arc of the 
equator^ and may be expressed either in degrees or 
in time. When the sun is on the meridian of any 
place to the west of Greenwich, or in west lon- 
gitude, he has evidently passed the first meridian, 
and the time at Greenwich is afternoon: on the 
other hand, when it is apparent noon at a place in 
east longitude, the sun has not yet arrived at the 
first meridian. Hence this problem, which is of the 
utmost importance in Nautical Astronomy, consists 
in finding what o'clock it is at two places under dif- 
ferent meridians at the same instant. The most 
obvious method, apparently, of effecting this, would 
be to determine the time at the place of the ob- 
server, which can readily be done by the sun's alti- 
tude (155.), and comparing it with a chronometer 
previously regulated to shew Greenwich time ; the 
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difference in time would thus be known^ and conse- 
quently the longitude of the observer. But not- 
withstanding the plausibility of this plan^ it is found 
to be liable^ in practice^ to errors which no precau- 
tion can dltogether guard against. Chronometers 
must always be subject to Yariations from many ob- 
vious causes^ and perpetually liable to accidents ; so 
that an entire reliance upon them at sea would fre- 
quently be attended with fatal consequences. They 
axe, however^ of the utmost importance when con- 
stantly verified by some method^ more regular in its 
operation^ and less under the influence of accidents. 

(I7I.) The method universally agreed upon as 
the most practical and certain^ is by lunar distances. 
As the distance of the moon from the fixed stars 
which are situated near her path varies about half 
a degree every hour^ her change of place is su^ 
ficiently great to be perceptible in a small portion of 
time. In the Nautical Almanac are given the dis- 
tances of the moon from the sun, and from certain 
stars, for every third hour of Greenwich time ; and, 
as her motion is sufficiently uniform for the purpose, 
the time for any intermediate distance is obtained by 
a simple prc^ortion. Now if the distance of the 
moon from a certain star be observed at any place, 
with the corresponding time, a reference to the Nau- 



ON THB LONOITVDB. 169 

tical Almanac^ which, in this case, stands in the 
stead of a perfect chronometer, will show the time 
at Greenwich when the same distance or event took 
place : hence the difference of time between the two 
places becomes known. But owing to the observed 
distance not being the true distance, the problem is 
extended to the solution of two spherical triangles. 

(] 72.) Let Z (fig. 33.) be the zenith of the ob- 
server, Z ]> the apparent zenith distance of the 
moon, Z that of the sun, and ]> the apparent 
or observed distance between them. Now all the 
heavenly bodies are affected by refraction, which 
elevates them above their true places. And the bo- 
dies in our system are depressed below their true 
places by parallax. 

The effects of refraction and parallax are greatest 
in the horizon, and vanish at the zenith. The paral- 
lax of the moon, owing to her proximity to the 
earth, is greater than the refraction ; and hence the 
true altitude of this body will always be greater 
than the apparent altitude. On the other hand, the 
parallax of the sun is less than the refraction, and 
therefore the true altitude will be less than the ap- 
parent altitude. But as these effects operate only 
in a vertical direction, the angle at the zenith will 
remain unaltered. 
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Commencing now with the triangle Z }) 0, we 
have given Z J^ , ZO, the apparent zenith distances^ 
with ]) 0^ the apparent distance between the two 
bodies^ to find the angle J> Z Q : the tme places m, 
S, being then found by applying the necessary cor- 
rections for refraction^ parallax^ &c. ; in the tri- 
angle ZmSy we shall have given, the true zenith 
distances^ Zm, Z S, with the angle Z, to find the 
side m S, the true lunar distance. 

Example I. Suppose the apparent altitude of the 
moon to be 8« 2& 13", the true altitude 9° 20' 45" ; 
the apparent altitude of a star 35^ 40', its true alti- 
tude 35*^ 3^ 49"; also the apparent distance be- 
tween them 31° 13' 26". Kequired the true dis- 
tance. 

. True distance=30o 23' 56". 

Example II. Let the apparent zenith distance 
of the sun be 68° 25', that of the moon 67° 45', the 
corrected zenith distance of the sun 68° 27' 16", that 
of the moon 6&* 53' 28", and the apparent distance 
119° 20' 34". To find the true distance. 
True distancei=118° 46' 48". 
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SECTION XIII. 

ON THE PRINCIPLES OF DIALLING. 

(1730 As the apparent diurnal motion of the 
sun about the axis of the world is at the rate of 15^ 
in an hour^ let us suppose Z (fig. 36.) to represent 
the zenith of a spectator^ H R the horizon^ HZ PR 
the meridian^ and PO S the axis of the world ; also 
let us imagine an hour circle to accompany the sun 
in his diurnal motion. Now when the sun is on the 
meridian^ the shadow of the semi-axis P will be 
cast or projected in the plane of this circle upon the 
line O R, the intersection of the planes of the me- 
ridian and horizon. At the hours one^ two^ three^ 
&c.j from the meridian^ the shadow of P will be 
cast in the planes of the respective hour circles upon 
the straight lines 01^ 02, 03, &c. These are 
called the one> two^ three o'clock^ &c., hour lines. 

Now it is manifest^ that when the sun is one hour^ 
two hours^ &c., distant from the meridian^ the cor- 
responding angles RPl, RP2, &c.^ will be^ re- 
spectively, 15®, 30°, &c. 
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Hence^ in the right angled spherical triangles 
12 PI, RP2, &c., P 12 = latitude of the place, 
12 P 1 = 150, 12 P 2=30°, &c., therefore, 

tan 12 l=sin lat . tan 15° 
tan 12 2=sin lat . tan 30^^. 

Similarly, 

tan 12 3=8in lat . tan 45^ 
&^c. =: &c. 

In this manner we calculate the angles which the 
hoar lines make with 12, the twelve o'clock hour 
line, or meridian. 

(174.) Here we have made the axis of the world, 
the gnomon or style, and the rational horizon the 
plane of the dial ; but if we take any other plane 
parallel to 1/ 12, the sensible horizon of the spec- 
tator, for instance, and draw a style parallel to O P, 
and which will therefore be inclined to the plane 
of the dial in an angle equal to the spectator's lati- 
tude ; on account of the great distance of the sun 
we may conceive it to revdive about this style in the 
same way as about O P, and to cast a shadow upim 
the plane of this dial, in the same manner as upon 
the plane H R, This is called a horizontal diaL 
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(I75.) Now, let ZN(fig,S7,)re^Teaent the plane of 
the prime vertical, and therefore the side next to H 
due south. Then for the same reason as before, if the 
angles iV aS 1, NS2, &c.=15°, 30°, &c., the shadow 
of the semi-axes, S, will be cast upon the plane of 
the prime vertical in the lines 01, 02, &c., at one 
o'clock, two o'clock, &c. 

Hence, in the right angled triangles N SI, N S2, 
&c., iV aSi^ co-latitude of the place, N S lzzl5^, 
N S 2=30°, &c., we have, 

tan ^ Izz cos lat . tan 15** 
tan ^2= cos lat . tan 30**. 

Similarly, 

tan J^3zzcos lat . tan 45* 

&c. zz. &c. 

In this way the angles which the hour lines make 
with the twelve o'clock hour line O N are calcu- 
lated. 

(176.) If, then, we take a plane which coincides 
with that of the prime vertical, and erect a style in 
the plane of the meridian, making an angle with 
the plane of the dial equal to the co-latitude of the 
place, we may, for the same reason as before, sup- 
pose the sun to revolve about this style, and to cast 
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its shadow upon the plane of this dial^ the hour 
angles of which are calculated as before. 
This is a vertical south dial. 

(1770 Crenerally, whatever be the inclination of 
the plane of the dial to that of the meridian^ the 
hour angles may be calculated by (94). 

(178.) We have hitherto considered the style to 
be a mathematical line ; in order to compensate for 
its breadth^ in the practical construction of dials^ 
two lines must be drawn parallel to the meridian^ 
one on each side ; the distance between the lines^ 
which are equally distant from the meridian^ being 
equal to .the thickness of the style. The hour an- 
gles are then laid off from these lines instead of the 
meridian. 

(I79.) To place a horizontal dial, find the time 
by the sun's altitude (155.), and set a well regulated 
watch to it; then when the watch shews twelve 
o'clock, the sun is upon the meridian ; at that in- 
stant place the dial horizontally, to shew that time. 

(180.) Another method consists in describing se- 
veral concentric circles, and erecting at the centre, 
perpendicular to the plane, a gnomon, having a small. 



i '.', 
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rounds well defined head. The shadow of the head 
will cross these circles^ once in the forenoon and 
once in the afternoon ; and^ if the points be marked^ 
and the corresponding arcs be bisected^ the line join- 
ing the points o£ bisection will be the meridian line> 
with which the twelve o'clock hour line must coin- 
cide. It is, however, not susceptible of much accu- 
racy except when the sun is near the solstices ; for 
when the declination varies considerably, th^ sun is 
not at equal altitudes at equal times from the meri- 
dian. 
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SECTION XIV. 

GEODESY, OR TRIGONOMETRICAL SURVEYING. 

(181.) Trigonometrical surveys have been car- 
ried forward in different countries either for the pur* 
pose of mapping an extensive region^ or of measuring 
the length of a degree in various latitudes^ so as to 
determine the figure of the earth. They afford the 
best exemplifications of plane and spherical trigono- 
metry ; but as they likewise require peculiar for- 
mulse^ which would be unsuitable to the design of 
this work^ we shall merely aim at describing gene- 
rally the course of operations. 

(182.) The first part is the measurement of a 
base, for which a plain, four or ^ve miles in extent, 
is generally chosen ; this line is measured ^vith the 
most scrupulous accuracy. On Hounslow H^th a 
base was selected, and General Roy commenced the 
measurement with well seasoned deal rods, each 
twenty feet long, which were secured from bending 
in the most effectual manner ; yet it was found that 
the expansion occasioned by moisture was such as to 
take away all confidence in the correctness of the 



TRIGONOMETRICAL SURVEYING. 17? 

final result. Afterwards glass tubes of the same 
length were substituted^ and the temperature being 
always noticed^ the proper corrections for expansion 
were applied. The base measured by these was 
found to be 27404 • 08 feet, or rather more than five 
miles. Several years afterwards, the same base was 
remeasured by General Mudge by means of a steel 
chain constructed by the celebrated artist Ramsden, 
the corrections for expansions by temperature being 
applied ; the result of this measurement gave a dif- 
ference of 2| inches from thie former determination 
by means of the glass tubes ; and, as it could not 
easily be determined which was nearer the truth, a 
mean between them was taken. 

,(183.) In the late French survey, the measuring 
^ rods consisted each of a rod of platina, and a rod of 
brass connected at one extremity, and lying upon 
each other, the expansions of the two metals being 
different, the difference of their expansions was ob- 
served, and the total expansion of one rod was found 
by a i^ple proportion. 

(184.) Proper stations for signals being selected, 
the whole country is divided into triangles by lines 
conceived to connect the signals, and the angles of 
these triangles are observed, the first observation 

N 
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being made at the extremities of the measured bastf. 
In the late French and Swedish surveys^ the angles 
were measured by the repeating circle, a very 
portable instrument^ invented by Mayer^ and greatly 
improved by Borda ; but as the signals are seldom 
seen in the horizon^ a calculation is necessary to ob-* 
tain the horizontal angle. In England and in India^ 
the horizontal angle was observed directly by a theo-* 
dolite. 

(185.) In all the principal triangles each of the 
three angles is observed ; for the smaller triangles it 
is sufficient to observe two of its angles. 

(186.) Beginning now with the measured base^ 
we have the length of this line and the two angles 
at each extremity^ to determine the distance of a sig-' 
nal from its extremities. Thus (in fig. 38.) we de- 
termine A C, B C : similarly AD, BD are founds 
then CD is determined. In the triangle CED, 
we have similar data^ and thus we continue the pro- 
cess through any number of triangles till we arrive 
at a plain upon which a base may be measured to 
verify the preceding observations and calculations. 
This is called a base of verijicatiofu 

(1870 ^^ ^s generally thought proper to choose 
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the stations for signals sucH that the sides of the 
triangle may be greater than ten and less than twenty 
miles. In the English survey^ however^ the distance 
from Beachy Head to Dunnose^ which formed one 
side of a triangle^ was more than sixty- four miles. 
And in the extension of the late French survey to 
Spain^ a triangle was formed to connect Spain with 
Iviza, one of the sides of which was nearly 100 
miles. 

(108.) The calculations are verified either by 
comparing the calculated length of a base with the 
measured length ; or by comparing the distance be- 
tween two signals^ as computed from two webs of tri- 
angles commencing either from the same or different 
bases. Thus a base of verification was measured on 
Salisbury Plain of more than seven miles^ and this 
differed only one inch from the result of the cal- 
culation carried on from the base on Hounslow Heath. 
Again^ by a series of triangles commencing at Dun- 
nose^ in the Isle of Wight^ and extending to Beacon 
Hill^ near Clifton^ in Yorkshire^ a distance of nearly 
200 miles, the error in a line twenty-two miles in 
length, does not exceed six feet. 

(189.) For the purpose of mapping, the latitudes 
and longitudes of the principal stations should also 

n2 



180 GEODESY^ OR 

be accnrately determined ; but those of the minaa: 
objects that have been observed may be obtained by 
a more expeditious method. 

(190.) For the determination of a d^ee of lati- 
tude^ the distance of two places under the same me- 
ridian must be accurately determined ; and the lati- 
tude .of each must be observed. The length of a 
degree corresponding to the middle point between 
the two places will be known by a simple propor- 
tion *• The actual magnitude of the earthy consi- 
dered spherical, is determined in this manner. If 
we travel ^om south to norths till the pole is ele« 
vated or de^nressed one d^gree^ we shall evidently 
have travelled over one degree of the earth's siun> 
face^ which being measured and multiplied by 360 
will give the number of miles in the earth's circumfer*^ 
ence, and hence the number of miles in the diameter 
of the earth will also be known. iConnected with 
this object was the late French surveys their pur- 
pose being to determine the length of the terrestrial 
quadrant which passed through France^ in order to 
found upon such an imperishable standard, a system 

 - — -f— — • — - —   - - - - — — — - — •-•. — - ^ _ ^-  J. - ^ ^.^ — ^ •* 

* The length of a degree, in the direction of the meridian, 
in latitude 50* ]0', was found to be 366,058 feet,— English 
Trigonomettical Survey* 
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of weights and measures. The distance between the 
pole and equator being determined^ the 10j000,000tli 
part^ or the metre *, was made the standard of linear 
measure. - 

(191.) We shall terminate this subject with the 
following problem^ which is useful in the art of 
taking plans> vhen the surface to be operated upon 
presents any sensible inequalities^ and it is required 
to determine and delineate the principal positions 
with great accuracy. 

Let MN (fig, 40.) be three points in a plane 
inclined to the horizon ; from these three points 
dn^w the perpendiculars D, Mm, Nn to meet the 
horizontal plane in the points D, m, n. The ob- 
jects O, M, N, will be represented on the horizontal 
plane by their projections D, m, n. Suppose now 
the angle M N, and the inclinations of the two 
lines M, N, to the vertical D were given, 
and that we had to find the angle of projection, 
mDn. 

From the point as a centre, with a radius =:], 
describe a spherical surface meeting the lines M, 
N, and the vertical D, in the points A, B, C, 
we shall have a spherical triangle A B C,m which 

• This was found to be 39 * 383 inches. 
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the three sides are known^ to find the angle C, or 
the equal angle m Dn, 

Example. Suppose the angle M O N:=l A B 
=58°, the angle D MzzA C=88° 18', and D iV 
zzB C=94° 5S ; we shall obtain the required angle 
by the formula 



. C ysin S — a . sin S — b 
2 sm a . sm 6 

the calculation of which gives, 

C=67" 40' 54" • 8. 

Hence the angle 58^, measured upon a plane in« 
clined to the horizon, is reduced to 57® 40' 54" • 8, 
when it is projected upon the plane of the horizon. 
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NOTES. 



Note (a), page 1. 

Though the centesimal division of the quadrant was im- 
mediately succeeded by corresponding trigonometrical tables 
of the most extensive scale, yet it was not attempted to be 
followed by any other nation : and even in France, it re- 
quired all the authority of the government, and all the in- 
fluence of Laplace, and other celebrated mathematicians by 
whom it was introduced, for many years to effect even its 
partial adoption. This might, however, have been expected 
from a project, notwithstanding its many and obvious ad- 
vantages, that rendered useless all the trigonometrical and 
navigation tables, which, from having passed through so many 
hands, might be considered correct ; that lessened, in a con- 
siderable degree, the value of the best instruments in obser- 
vatories ; and which at once sacrificed all the conveniences 
attending the continual trisection through the quadrant, so 
important to artists in the division of circular instruments. 
Indeed it would be difficult to imagine a more violent and 
extensive change than its universal adoption would have ef- 
fected in all astronomical, mathematical, and geographical 
works. Its fate, however, may now be considered decided ; 
the French mathematicians are gradually returning to the 
sexagesimal division, their power, gigantic as it was, having 
been found to be unequal to the task of destroying the pre- 
judices, and altering the habits of a whole community. 
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To compare grades and d^rees, we must observe that the 
drcumferenoe of the circle b divided into 400 and 300 equal 
parts respectively : hence a grade is to a degree as 9 is to 10. 
And the number of grades is to the number of degrees as 
10 is to 9 ; 

therefore, number of grades =: or (1+ — ] number 

of degrees, 

9 / 1 \ 

and, number of desrees^ — or fl — — 1 number of grades. 

10 V 10/ 

Example I. Convert 63^ 66197 into degrees. 

63-66197 
one tenthiz 6 • 366197 



57 • 296773 

=57** 17' 44" • 7828 

Example II. fiednce 57** 17' 44^' * 7828 into grades. 

57** 295773 
one ninths: 6 366197 



63*661970 



Note (i), p. 73. 

It seems not very easy to assign the reason why Napier, in 
framing his celebrated rules called the '^ Five Circular Parts," 
employed the complements of the hypothenuse and the com- 
plements of the angles, instead of the complements of the 
sides. Had he adopted the latter, and altered his rules to the 
following i-^product of radhts and cosine of the middle part 
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"nprodxict of cotangents of the conjoined parts^ anA^product 
of sines of the disjoined parts ; they would have been more 
convenient in practice, since there would be fewer changes 
to make relating to the complements. 

The science of Trigonometry is greatly indebted to this 
great man. In addition to his discovery of logarithmay by: 
the aid of which the calculations which occupied months 
could be performed in as many days ; and the final simpli- 
fication of the decimal notation, he discovered the four equa- 
tions in (90.) and (94.) which are commonly known by the 
name of Napier's Analogies^ His discoveries ajbie seem to 
be attended with the singular felicity of admitting of no im- 
provement. 

Note (c), pp. 33. 87. 

It will be observed, in the solutions of plane and spherical 
triangles, that we have given severa formulae for the same 
case. The reason of this is, that an angle cannot be accu- 
rately determined from its cosine when very small, nor from it» 
sine when near 90° ; but from its tangent it can generally be 
found with accuracy. Of the expressions, therefore, in (50.) 

and (51.), the first must not be employed when _ or C is very 

small ; nor the second when — is near 90° ; but that in (52.) 

2 

(except in extreme cases to be mentioned) may be always 

employed. The same observations apply when the espres- 

sions in (89.) are used. 

J. 

In (47.) we have the expression cos ^ zi — which is inac- 

c 

curate if A is small, but we have, 
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1— COS A zz ?IIl-and 1-j-cos A i:-i-, 
c 

therefore, l^Z£?Ll(2a) tan» d = £11^, 

an expression which may be safely used. 

In (48.), we have sin Czz- sin ^ ; if C is near 90° it i» 

a 

inaccurate. 
Let C=i90°±« then 8inCorco6«=:~sini4; 



1 — - sin ^ 
therefore, as in the preceding tan' -zz 



2 1 4- £ sin ^ 
a 



Now, £ in all cases of difficulty will be greater than 1 and 
a 

1 /z 

less than : let ~ = sin ^, 

sin ^ c 

then, tan. i=^J^^$Ld or by (30.) = — -1-^ , 
2 sin ^ + sin ^ ^-f-^ 



which can be calculated with accuracy. 

In (86.) equation 1, if a and b are very small, c cannot be 
accurately found from that formula ; we must therefore take 

the equations 8 and 9, tan A zz. ^, and tan c zz "^ , by 

sin 6 cos A 

which c is found to the greatest accuracy. 



a 
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In equation 9, cos ^=z ; if ^ be small this is inac- 

tan c 

curate ; 

but 1 -co8^=i5!l£z:!^, andl +co8^=if?Ll±i?!L^ ; 

tan c tan c 

hence this expression must be used, 

1— cos-4 ^ fA tanc — tan A 

, or tan' — = 

1 H- cos ^ 2 tan c -f tan b 

= "ilO(28.) 
sin c + 6 

In (91. )i (92.), (93.), when c is near 180°, these cases fail 
in accuracy : recurring, howev^er, to the fundamental theo- 
rem, 

cos czzcos a • cos &+sin a . sin b . cos C, we have, 

l-{-cos 0=1 -{-cos a . cos 6+sin a . sin ^'-^sin a . sin b 
(1— cosC) 

~l-fcos (a+ft) — sin a . sin 6 (I — cos C) 

. • . cos'-^cos' —I sm a . sin 6 . sm'-l, 

2 2 2 

r» 

let sin a . sin 5 . sin' -i^sin' L 

2 

then cos'fzzcos'^^H. — sin' fizz. 

2 2 

= cos(«Z^ + ^).«>s(?i=?-^)(26.) 

The ground of these cautions is, to avoid the imperfec- 
tions of the common tables. If the tables are carried to se- 
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yen decimals (the usual extent) the log sines cannot be trust- 
ed beyond 87° 17' ; but if to ten decimals, they are correct 
as far as 89° 69^ 60''*. The general reason will be seen, by 
considering the series in (104.) expressing the values of the 
sine and cosine in terms of the arc. When the arc is very 
small, the value of the cosine converges very slowly ; and 
when it is near 90°, the value of the sine converges equally 
slow ; and since the logarithmic table of sines, cosines, &g., 
is only approximative, the difference in the numerical values 
of the cosine, or sine of arcs, near 0, or 90°, is less than can 
be appreciated by the tables. This inconvenience is com- 
monly avoided, to a certain extent, by constructing a table 
for a few of the first degrees of the quadrant to every second, 
or to smaller intervals than the rest. It frequently happens, 
in making optical and other experiments, that we have to 
calculate or compare angles so minute, as to escape the reach 
altogether of the tables. In these cases the sine and tangent 
become confounded with the arc ; and therefore the magni- 
tude of the arc, in terms of radius 1, or the angle, is found 
by simple proportion. 

Thus, in (47*) we have sin -4 zr - and tan Azz-i 

b 

if a be very small, compared with h or c, sin A or tan A may 
be taken as the arc ; and the magnitude of the arc, or angle, 
in seconds, will be obtained by dividing the numerical value 
by '0000048481368 ; or subtracting from its logarithm 
4-68557487. 

Note (d), p. 130. 

In the construction of trigonometrical tables, those pro. 
cesses, only, have been explained which depended upon th» 

* Airy's Trigonometry 
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preceding part of the work ; but it may be proper to inform 
the student, that no one would undertake their calculation 
without a tnoderate acquaintance with the Calculus of Finite 
Differences. And though the method of computing, by dif. 
ferences, all tables whidi are deduced from formulae, or series, 
expressive of certain laws, is remarkably simple, and possesses 
peculiar advantages, yet the general principle upon which it 
is founded could not be understood by those for whom this 
treatise is intended, and therefore it has been omitted. But 
the student who has advanced somewhat beyond elementary 
subjects will find in Professor Airey*s Treatise on Trigono- 
metry *, a complete view of the best and most expeditious 
methods of forming trigonometrical tables. This excellent 
performance has been of great assistance in the compilation 
of various parts of the present work, and we cordially recom- 
mend it to the mathematical reader. 

The values of the trigonometrical lines in terms of the arc, 
being expressed by converging series^ render it necessary to 
obtain the differences at shorter intervals in the commence- 
ment of the table, and at longer when the tiable becomse exten- 
sive. But this preparatory labour being effected, the rest of 
the computation is entirely mechanical. In the archives of 
the observatory of Paris, are preserved in manuscript, tables 
of logarithms and of logarithmic sines, tangents, &C. occu- 
pying seventeen folio volumes, which were computed by about 
seventy persons in a short period of time, entirely by addi- 
tion and subtraction. ''And it is remarkable, that nine 
tenths of these persons had no knowledge of arithmetic be« 
yond its first two rules, which they were thus called upon 
to exercise ; and that they were usually found to be more 



£ncyclopeedia Metropolitana, Pure Sciences, Vol. L 
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correct in their calculations than those who possessed a more 
extensive knowledge of the subject.*** 

But the grand and original idea of embodying in the con- 
struction of machinery, the practical operation of differences, 
enabling it to save the time, and thus direct the vigor of 
professional calculators to labour of a higher interest, was re* 
served for Mr. Babbage. A calcuknting engine^ which by 
mere feeding with numbers at increasing intervals of time, 
brings out the finished calculations, and registers them by 
means of hardened steel dies upon a copper plate, without 
the possibility of error, is far advanced in its construction. 
This extraordinary machine, the triumph of sdence and 
mechanism, has had the labour of ten years bestowed upon 
it, and it is thought that probably two years more may elapse 
before it will be completed •!>• 



Note (c), p. 168. 

. As the astronomical part of the work was only intended 
to be of an elementary nature, and principally designed to 
exemplify the use of Spherical Trigonometry, we must refer 
the reader for satisfactory explanations of parallax, refraction, 
and the other corrections affecting the altitudes of the hea- 
venly bodies, to professed treatises on Astronomy. To be 
well acquainted, however, with this science, it will be neces* 
sary for the student to look farther than the mere elements 
of Mathematics as a preparatory step. He may, it is true, 



• " Economy of Machinery and Manufactures,** page 156. 

f For an interesting account of this engine, and of the 
effects of a small model or trial machine, see Sir David 
Brew8ter*s " Letters on Natural Magic," just published. 
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obtain a practical knowledge, that will enable him to work 
many problems, but this rather barren acquisition, when 
its novelty is worn off, will yield him little real satisfaction, 
and it will even be used with that timorousness which is in- 
separable from a mind which has not attained the truth. 
Without a knowledge of the higher analysis, however he 
may have been informed by the popular writers of the pre- 
sent day, he will not be enabled by any efforts of his own, or 
aid of others, to understand the reasons of the operations he 
may have occasion to employ, nor to take his stand in the 
ranks as a real observer of the beautiful simplicity of nature, 
and the perfect connexion which exists between the laws of 
motion and the great phenomena of the universe. 



THE END. 
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